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Transfer Learning 

Transferring the decision function
Analogy making and the MDLp



2 / 92

When  PY|X(train) ≠ PY|X(test)

 (and, not necessarily)  PX(train) ≠ PX(test)

Concept shift
and sequences of concept shifts
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Outline

1. Transfer learning: questions

2. TransBoost: an algorithm and what it tells on the role of the source 
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Transfer learning
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Questions (more of them)

• What is a “successful” transfer learning situation?

– How to measure “success”?

– How can we measure the performance of transfer learning?

– Is “failure” possible? Illustrations?

Remark: 
    if the target data set is sufficiently large, 
    transfer learning should not bring any advantage



6 / 92

Questions

• What are the conditions for a successful transfer learning? 

• Should the proximity between the source and the target play a 
role?

– How to measure this proximity?

• Between the input distributions PS and PT?
• Between the underlying true source and target functions fS and fT?

• What should intervene in the guarantees?

– “distance” between source and target?

– Size of the target training data?

– Performance of the source hypothesis?
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Questions

• What to transfer?

• When to transfer?  Useful or not?

• How to transfer?
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I.I.D. learning: Bounds between the real risk and the empirical risk

• From the non realisable case (H finite)

• To the realisable one (H finite)

⌅h ⇤ H,⌅� ⇥ 1 : Pm

�
RRéel(h) ⇥ REmp(h) +

�
log |H|+ log 1

�

2 m

�
> 1� �

⌅h ⇤ H,⌅� ⇥ 1 : Pm

�
RRéel(h) ⇥ REmp(h) +

log |H|+ log 1
�

m

�
> 1� �

By removing the “problematic” examples, you go 



9 / 92

Which link between training and testing?

Transfer Learning
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Transfer Learning

• Guarantees function of
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Transfer Learning

• Guarantees function of

– The quality of the source hypothesis on the source task

• The better hS, the better hT  



12 / 92

Transfer Learning

• Guarantees function of

– The quality of the source hypothesis on the source task

• The better hS, the better hT  

– A “distance” between the source task and the target one

• The smaller the distance, the better the transfer
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Transfer Learning

• Guarantees function of

– The quality of the source hypothesis on the source task

• The better hS, the better hT  

– A “distance” between the source task and the target one

• The smaller the distance, the better the transfer

– The size of the target training data

• The larger the target training data set, the useless the transfer

Really? 
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Outline

1. Transfer learning: questions

2. TransBoost: an algorithm and what it tells on the role of the source 

3.  The MDLP and analogy making

4.  Conclusions
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TransBoost: an algorithm for transfer learning

And what it tells about the role of the source

Cornuéjols, A. (2024). Some thoughts about Transfer learning. What role for the source domain. 
International journal of Approximate Reasoning (IJAR), vol. 166, p.109107. Elsevier.
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Standard classification of time series

• What is the class of the new time series xT?

x(t)

!

T
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Early classification of time series

• What is the class of the new incomplete time series xt?

x(t)

T

!

t
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A LUPI type of algorithm for transfer learning

25/46 Cours IA  (A. Cornuéjols) 

L�algorithme alpha-beta : Illustration (9) 

10 11 9 12 14 15 13 14 5 2 4 1 3 22 20 21

Noeud Max

Noeud Min

1 2 3 4 5

α  = + 10
β  = + ∞

6 7

Coup à jouerCoup à jouer

Taking decision when the current 
information is incomplete

...
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Algorithms for games

• Which move to play?

The evaluation function is insufficiently informed at the root (current situation)

1.  Query experts that have more information about 
potential outcomes

2.  Combination of the estimates through MinMax

“Experts” may live in input spaces that are different

25/46 Cours IA  (A. Cornuéjols) 

L�algorithme alpha-beta : Illustration (9) 

10 11 9 12 14 15 13 14 5 2 4 1 3 22 20 21

Noeud Max

Noeud Min

1 2 3 4 5

α  = + 10
β  = + ∞

6 7

Coup à jouerCoup à jouer

Taking decision when the current
information is incomplete
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Can we do the “same” for transfer learning?
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A new perspective on transfer learning

?

...

10 11 9 12 14 15 13 14 5 2 4 1 3 22 20 21

Noeud Max

Noeud Min

α  = − ∞

β  = + ∞

1

α  = − ∞
β  = + ∞

α  = − ∞
β  = + ∞

α  = − ∞
β  = + ∞

α  = − ∞
β  = + 10

?

2 XS

2 XT

I want to solve a problem (predicting a label) 
in the target domain

We know how to solve a problem in the source domain using the source hypothesis
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• How to proceed?

– How to find useful answers?

– How to combine them?  



23 / 92

Boosting

X h1D1

X h2D2

X h3D3

X hTDT

• How to compute Dt from  Dt-1 and thus ht?

• How to compute the at ?

H(x) = sign

 TX

t=1

↵t ht(x)

�
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TransBoost

HT (x
T ) = sign

⇢ NX

n=1

↵n hS
�
⇡n(x

T )
��

+

+

+

+
+

-

-

-

-

-

xi

X

Target	Domain Source	Domain

xT
1

xT
2

xS
2

xS
1

xS
3

?
⇡1
⇡2

⇡N

⇡j

⇧

hS
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TransBoost

• Principle:

– Learn “weak projections”: 

• Using the target training data:

– With boosting

• Projection        such that : 

• Re-weight the training time series and loop until termination

– Result

"n
.
= Pi⇠Dn [hS(⇡n(xi)) 6= yi] < 0.5⇡n

HT (x
T ) = sign

⇢ NX

n=1

↵n hS
�
⇡n(x

T )
��

⇡i : XT ! XS

ST = {(xT
i , y

T
i )}1im



26 / 92

TransBoost
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TransBoost

...
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Figure 1: The principle of prediction using TransBoost. A given target exemple x
T

i is projected in the source
domain using a set of identified weak projections fij and the prediction for x

T

i is computed as: HT (xT

i ) =

sign
;qN

j=1 hS

!
fij(xT

i )
"<

.

Algorithm 1: Transfer learning by boosting
Input: hS : XS æ YS the source hypothesis

ST = {(xT

i , y
T

i }1ÆiÆm: the target training set

Initialization of the distribution on the training set: D1(i) = 1/m for i = 1, . . . , m ;

for n = 1, . . . , N do

Find a projection fii : XT æ XS st. hS(fii(·)) performs better than random on Dn(ST ) ;
Let Án be the error rate of hS(fii(·)) on Dn(ST ) : Án

.= Pi≥Dn [hS(fin(xi)) ”= yi] (with Án < 0.5) ;
Computes –i = 1

2 log2
! 1≠Ái

Ái

"
;

Update, for i = 1 . . . , m:

Dn+1(i) = Dn(i)
Zn

◊
I

e
≠–n if hS

!
fin(xT

i )
"

= y
T

i

e
–n if hS

!
fin(xT

i )
"

”= y
T

i

=
Dn(i) exp

!
≠–n y

(T )
i hS(fin(x(T )

i ))
"

Zn

where Zn is a normalization factor chosen so that Dn+1 be a distribution on ST ;
end

Output: the final target hypothesis HT : XT æ YT :

HT (xT ) = sign
; Nÿ

n=1
–n hS

!
fin(xT )

"<
(2)

5
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Controlled data

– The slope to distinguish between classes

– The shapes of time series within each class: variety

– The noise level

xt = t⇥ slope⇥ class| {z }
information gain

+ xmax sin(!i ⇥ t + 'j)| {z }
sub shape within class

+ ⌘(t)|{z}
noise factor
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The set of projections

Example of a projection π (a hinge function with three parameters): 

• the first slope, 

• the second one 

• and the time of the hinge) that is adjusted to the target exemple xT by least square. 

The resulting projection π(xT) is the concatenation of xT  and the remaining part of the adjusted 
hinge function. 

A. Cornuéjols / Procedia Computer Science 00 (2023) 1–19 14

class �1 or +1. We varied the di�culty of learning by varying the slope from almost non existent: 0.001 to significant:
0.01. The source hypothesis, Gaussian SVM as implemented in Scikit Learn, was learned using these time series [21].

The target training data set was obtained using the same generation process as for the source data (using equation
3), but with the length tT varying in {20, 50, 70, 100}, thus providing increasing levels of signal since the target
examples shared more and more features (time measurements) with the source ones.

A target training data set of 300 time series was drawn equally balanced between the two classes (150 ‘+’, and
150 ‘�’). Note that this relatively small number corresponds to transfer learning scenarios where the training data is
limited in the target domain. A remaining 600 time series not used for learning were employed as a test set.

Projecting the target examples into the source input space

In these experiments, the set of projections⇧was chosen as a set of “hinge functions”, defined by three parameters,
the slope of the first linear part, the time t where the hinge takes place, and the slope of the second linear part
(see Figure 8). The set is explored randomly by the algorithm and a projection is retained if its error rate on the
current weighted data is lower than 0.45. We explored other, richer, spaces of projections without gaining superior
performances. This simple set seems to be su�cient for this learning task.

xt

t T0 <latexit sha1_base64="JWfAj1WrahRS7wB5qJFff+AuyrI="></latexit>

tT
<latexit sha1_base64="74N7Hqy3M20liElSbUfJGhdNoFw="></latexit>

tS

<latexit sha1_base64="4qvkWjVuhY3MAJ9Yd3J2WW29wzg="></latexit>xT <latexit sha1_base64="ho1kAJPI9ikF/vFCfmlFHiTmnzY="></latexit>

�(xT )

Figure 8: Example of a projection ⇡ (a hinge function with three parameters: the first slope, the second one and the time of the hinge) that is
adjusted to the target exemple xT by least square. The resulting projection ⇡(xT ) is the concatenation of xT and the remaining part of the adjusted
hinge function.

In order to assess the value of TransBoost, its performance was compared:

1. to a classifier (Gaussian SVM as implemented in Scikit Learn) acting directly on the target training data (column
‘SVM (test)’ in Table 1),

2. to a boosting algorithm operating in the target domain with base classifiers being Gaussian SVMs. In that way,
it was possible to check if this was the boosting algorithm that was responsible for the level of performance of
TransBoost, with no use for transfer learning, or not. (For the results, see the remark below).

3. to a baseline transfer learning method that consists in finding a regression from the target input space to the
source input space using a SVR regression. In this last method the regression acts as a translation from XT to
X
S and the class of an example xT is given by hS

�
regression(xT )

�
(column ‘SVR+SVM (test)’ in Table 1).

The number of boosting steps for TransBoost was varied between 5, 10 and 20, with a slight increase of perfor-
mance when augmenting the number of steps. In the experiments reported, the number of steps is N = 20.

Table 1 provides representative examples of the results obtained. Each cell of the table shows the average per-
formance (and the standard deviations) computed from 100 experiments repeated under the same conditions. The
experimental conditions are organized according to the level of signal in the training data.

The first group corresponds to target time series of length tT = 20 which amounts to little signal. This is testimoned
by the fact that both classifiers learned directly on these times series (column SVM (test)) and classifiers learned over
time series completed by a SVR, reach levels of performance barely above random guessing, while TransBoost is
remarkably e�cient (with error rates below 0.1), at least when the noise level is below 0.200.

This is almost the same configuration for the second group with target time series of length tT = 50. Again
TransBoost has very low testing error, while the two other approaches struggle. Of course, when the noise level is
high (= 0.200) with a small slope (= 0.001), there is no signal to build upon and TransBoost does not fare better
than other approaches.

14
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Results

Learning from 
target data only

TransBoost Naïve transfer

Increasing 
information 

in the source 

Increasing 
level of 
noise

A. Cornuéjols / Procedia Computer Science 00 (2023) 1–19 15

slope, noise, tT SVM (test) HT (train) HT (test) SVR+SVM (test)

0.001, 0.001, 20 0.50 ± 0.08 0.08 ± 0.03 0.08 ± 0.02 0.49 ± 0.01

0.005, 0.001, 20 0.49 ± 0.01 0.01 ± 0.01 0.01 ± 0.01 0.45 ± 0.01

0.005, 0.002, 20 0.49 ± 0.03 0.03 ± 0.02 0.04 ± 0.02 0.43 ± 0.01

0.005, 0.020, 20 0.48 ± 0.03 0.09 ± 0.01 0.10 ± 0.01 0.47 ± 0.01

0.001, 0.200, 20 0.50 ± 0.01 0.46 ± 0.02 0.51 ± 0.02 0.49 ± 0.01

0.010, 0.200, 20 0.47 ± 0.03 0.34 ± 0.02 0.35 ± 0.02 0.35 ± 0.01

0.001, 0.001, 50 0.50 ± 0.01 0.08 ± 0.03 0.08 ± 0.02 0.41 ± 0.01

0.005, 0.001, 50 0.28 ± 0.09 0.01 ± 0.01 0.01 ± 0.01 0.28 ± 0.01

0.005, 0.002, 50 0.30 ± 0.08 0.02 ± 0.01 0.02 ± 0.01 0.28 ± 0.01

0.005, 0.020, 50 0.30 ± 0.08 0.04 ± 0.01 0.04 ± 0.01 0.31 ± 0.01

0.001, 0.200, 50 0.50 ± 0.01 0.38 ± 0.03 0.44 ± 0.02 0.43 ± 0.01

0.010, 0.200, 50 0.12 ± 0.04 0.10 ± 0.02 0.11 ± 0.02 0.15 ± 0.02

0.001, 0.001, 100 0.47 ± 0.03 0.07 ± 0.02 0.07 ± 0.02 0.23 ± 0.01

0.005, 0.001, 100 0.07 ± 0.03 0.01 ± 0.01 0.01 ± 0.01 0.07 ± 0.02

0.005, 0.002, 100 0.10 ± 0.04 0.02 ± 0.01 0.02 ± 0.01 0.07 ± 0.01

0.005, 0.020, 100 0.09 ± 0.03 0.02 ± 0.01 0.03 ± 0.01 0.07 ± 0.01

0.001, 0.200, 100 0.46 ± 0.02 0.28 ± 0.02 0.31 ± 0.01 0.31 ± 0.01

0.010, 0.200, 100 0.05 ± 0.02 0.04 ± 0.01 0.05 ± 0.01 0.05 ± 0.01

Table 1: Comparison of the error rate (lower is better) between: learning directly in the target domain, here using a Gaussian
SVM (columns hT (test)), using TransBoost (columns HT (train) and HT (test)) and, finally, mapping the time series with a
SVR regression in order to project the target time series (of length tT ) into the source domain (length tT ) and using hS a Gaussian
SVM; called naı̈ve transfer (column SVR (test)). Test errors are highlighted in the orange columns. Bold numbers indicate where
TransBoost significantly dominates both learning without transfer and learning with naı̈ve transfer.

Finally, in the third group with time series of length tT = 100, the signal in the target times series is enough for all
approaches, but still with a significant advantage for TransBoost.

Inrerestingly, TransBoost does not exhibit overfitting as the columns ‘HT (train)’ and ‘HT (test)’ show.
Remark: We did not report here the results obtained with boosting directly in the target input space XT since the
learning performance was almost the same as the performance as the one of the SVM classifier. This shows that this
is not boosting in itself that brings a gain.

Several lessons can be drawn. First of all, in most situations, TransBoost brings very significant gains over
learning without transfer or using transfer learning with regression. Figures 9 and 10 that sum up a larger set of
experimental conditions make this even more striking. In both tables, the x-axis reports the error rate obtained using
TransBoost, while the y-axis reports the error rate of the competing algorithms: either the hypothesis hT learnt on
the target training data alone (Figure 9), or the hypothesis H

0T learned on the target data projected on the source
input space using a SVR regression (Figure 10). The remarquable e�ciency of TransBoost in a large spectrum of
situations is readily apparent.

Secondly, as expected, Transboost is less dominant when either the data is so noisy that no method can learn
from the data (high level of noise or low slope): this is apparent on the right part of the graphs 9 and 10 (near the
diagonal), or when the task is so easy (large slope and/or low noise) that nothing can be gained from transfer learning
(left part of the two graphs).

5.2.3. Additional Experiments

We show here, in Figures 11, 12 and 13 qualitative results obtained on the classical half-moon problem. It is
apparent that Transboost brings satisfying results.

15

First a projection 
from XT to XS by 

SVR then using hS 

Very little 
information 

in the source 

Lots of information 
in the source and 

lots of noise 

Remarkably 
no overfitting

anywhere
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Results

The source domain comprises the complete time series (tS = 200), while the target domain contains
time series truncated to their first tT time steps (in our experiments, tT 2 {20, 50, 100}). On
each domain, a classifier (Gaussian SVM as implemented in Scikit Learn) was trained using the
corresponding training time series.

In these experiments, the set of projections ⇧ was chosen as a set of “hinge functions”, defined by
three parameters, the slope of the first linear part, the time where the hinge takes place, and the slope
of the second linear part. The set is explored randomly by the algorithm and a projection is retained
if its error rate on the current weighted data is better than 0.45.

Table 1 provides representative examples of the results obtained (see the supplementary material for
more comprehensive results). Each cell of the table shows the average performance (and the standard
deviations) computed from 100 experiments repeated under the same conditions. It is apparent that
TransBoost yields very significantly superior results in conditions where there is signal in the target
data set, but the learning task is not so easy as to not require transfer learning.

slope, noise, tT hT (train) hT (test) HT (train) HT (test) hS (test) H
0
T (test)

0.001, 0.001, 20 0.46 ± 0.02 0.50 ± 0.08 0.08 ± 0.03 0.08 ± 0.02 0.05 0.49 ± 0.01
0.005, 0.001, 20 0.46 ± 0.02 0.49 ± 0.01 0.01 ± 0.01 0.01 ± 0.01 0.01 0.45 ± 0.01
0.005, 0.002, 20 0.46 ± 0.02 0.49 ± 0.03 0.03 ± 0.02 0.04 ± 0.02 0.02 0.43 ± 0.01
0.005, 0.02, 20 0.44 ± 0.02 0.48 ± 0.03 0.09 ± 0.01 0.10 ± 0.01 0.01 0.47 ± 0.01
0.001, 0.2, 20 0.46 ± 0.02 0.50 ± 0.01 0.46 ± 0.02 0.51 ± 0.02 0.11 0.49 ± 0.01
0.01, 0.2, 20 0.42 ± 0.03 0.47 ± 0.03 0.34 ± 0.02 0.35 ± 0.02 0.02 0.35 ± 0.01
0.001, 0.001, 50 0.46 ± 0.02 0.50 ± 0.01 0.08 ± 0.03 0.08 ± 0.02 0.06 0.41 ± 0.01
0.005, 0.001, 50 0.25 ± 0.07 0.28 ± 0.09 0.01 ± 0.01 0.01 ± 0.01 0.01 0.28 ± 0.01
0.005, 0.002, 50 0.27 ± 0.07 0.30 ± 0.08 0.02 ± 0.01 0.02 ± 0.01 0.02 0.28 ± 0.01
0.005, 0.02, 50 0.26 ± 0.07 0.30 ± 0.08 0.04 ± 0.01 0.04 ± 0.01 0.01 0.31 ± 0.01
0.001, 0.2, 50 0.44 ± 0.02 0.50 ± 0.01 0.38 ± 0.03 0.44 ± 0.02 0.15 0.43 ± 0.01
0.01, 0.2, 50 0.10 ± 0.03 0.12 ± 0.04 0.10 ± 0.02 0.11 ± 0.02 0.03 0.15 ± 0.02
0.001, 0.001, 100 0.43 ± 0.03 0.47 ± 0.03 0.07 ± 0.02 0.07 ± 0.02 0.02 0.23 ± 0.01
0.005, 0.001, 100 0.06 ± 0.03 0.07 ± 0.03 0.01 ± 0.01 0.01 ± 0.01 0.01 0.07 ± 0.02
0.005, 0.002, 100 0.08 ± 0.03 0.10 ± 0.04 0.02 ± 0.01 0.02 ± 0.01 0.02 0.07 ± 0.01
0.005, 0.02, 100 0.08 ± 0.03 0.09 ± 0.03 0.02 ± 0.01 0.03 ± 0.01 0.01 0.07 ± 0.01
0.001, 0.2, 100 0.04 ± 0.03 0.46 ± 0.02 0.28 ± 0.02 0.31 ± 0.01 0.16 0.31 ± 0.01
0.01, 0.2, 100 0.03 ± 0.01 0.05 ± 0.02 0.04 ± 0.01 0.05 ± 0.01 0.02 0.05 ± 0.01

Table 1: Comparison of learning directly in the target domain (columns hT (train) and hT (test)), using
TransBoost (columns HT (train) and HT (test)), learning in the source domain (column hS (test)) and, finally,
completing the time series with a SVR regression and using hS (naïve transfer). Test errors are highlighted in
the orange columns. Bold numbers indicates where TransBoost significantly dominates both learning without
transfer and learning with naïve transfer.

Figures 3 and 4 sum up all results. In both tables, the x-axis reports the error rate obtained using
TransBoost, while the y-axis reports the error rate of the competing algorithm: either the hypothesis
hT learnt on the target training data alone (Figure 3), or the hypothesis H

0

T
learned on the target data

completed using a SVR regression (Figure 4). The remarquable efficiency of TransBoost in a large
spectrum of situations is readily apparent. Transboost is less dominant when either the data is so
noisy that no method can learn from the data (right part of the graphs near the diagonal), or when the
task is so easy (large slope and/or low noise) that nothing can be gained from transfer learning (left
part).

When the source problem is a priori unrelated to the target learning problem

In this set of experiments, the source hypothesis hS : RtS ! {�1, +1} is chosen independently
from the target data set. TransBoost tries to find a set of projections from RtT to RtS so that a

combined hypothesis HT (xT ) = sign
⇢PN

n=1 ↵n hS

�
⇡n(xT )

��
can be computed for use in the

target domain DT .

7

Learning from 
target data only TransBoost

On the source 
domain

Naïve transfert

High 
noise 
level

Large 
slopeEasy
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Transfer learning using Transboost Project Report - Telecom Paris 5

(a) kNN source model trained on
the data source : it fits to the data
source

(b) kNN source model trained on
the data source : it does not fit to
the data target

(c) kNN source model trained on
the data source transBoosted to the
data target

Figure 5

(a) Another new kNN model retrained on the data
target

(b) kNN source model adapted via TransBoost on the
data target

Figure 6: Comparison of the predicted domains by both methods, with 80 percent of data test

Figure 7: Comparison of the error rate of both methods according to the test dataset proportion used

(a) Red : Transboosting

(b) Blue : SVC model retrained on the data target

(c) Green : kNN model retrained on the data target

At each iteration of the TransBoost, roaming a grid, with random translation values associated, to select
the best beak learner possible is certainly not the most efficient way to process. When we realized this, we tried
to find the best weak learner with an analytic approach.

We notice that TransBoost allows barely the same error levels as relearning via kNN or AdaBoost when
target training set is sufficiently large, in respect to the half-moons dataset. However, TransBoost outperforms
over methods in case of lack of target training data, which is a domain where both boosting and transfer methods
are supposedly equate for.

Project Report - Telecom Paris 5

(a) kNN source model trained on
the data source : it fits to the data
source
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the data source : it does not fit to
the data target

(c) kNN source model trained on
the data source transBoosted to the
data target

Figure 5

(a) Another new kNN model retrained on the data
target

(b) kNN source model adapted via TransBoost on the
data target

Figure 6: Comparison of the predicted domains by both methods, with 80 percent of data test

Figure 7: Comparison of the error rate of both methods according to the test dataset proportion used

(a) Red : Transboosting

(b) Blue : SVC model retrained on the data target

(c) Green : kNN model retrained on the data target

At each iteration of the TransBoost, roaming a grid, with random translation values associated, to select
the best beak learner possible is certainly not the most efficient way to process. When we realized this, we tried
to find the best weak learner with an analytic approach.

We notice that TransBoost allows barely the same error levels as relearning via kNN or AdaBoost when
target training set is sufficiently large, in respect to the half-moons dataset. However, TransBoost outperforms
over methods in case of lack of target training data, which is a domain where both boosting and transfer methods
are supposedly equate for.

Using TransboostLearning on the target data
(without transfer)

⇡i(x) = Ai · x + vi

⇡i(x) = x + vi
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3 Application to MNIST and sklearn digits

3.1 Summary
MNIST and sklearn digits datasets are two commonly used hand-written digits datasets with two different

resolutions. MNIST is made of 28 by 28 hand-written digits images while digits from scikit-learn library is only
8 by 8.

Once we have studied TransBoost method on half-moons two-dimensional datasets, we tackle larger dimen-
sions, respectively d = 784 for MNIST and d = 64 for sklearn digits. We first transfer on MNIST only from 0
and 1 classification to 7 and 8. Then we transfer from 0 and 1 in MNIST to 0 and 1 in sklearn digits, and finally
the other way, from 0 and 1 in sklearn digits to 0 and 1 in MNIST.

The main targets remain scoring TransBoost method and comparing it to relearning from target training
set, in particular via linear SVC classifier.

3.2 Method
We first introduce a canonical projection matrix P between the two spaces we would transfer. It is supposed

to be an simple and relatively good transformation, without any form of boosting.
Then comes TransBoost, so the ⇧ projection function at each step is chosen to have the lowest error between

1000 random samples, given by :
⇧(x) = (P +A) ⇤ x+ y (12)

where P is the canonical projection matrix of size (dsource, dtarget), A a Gaussian matrix and y a Gaussian
vector (with standard normal distribution).

The projection between the two spaces is thereby a random variation of the canonical projection. Never-
theless, choosing the projection within relatively high-dimensional randomly generated matrices is of course an
unoptimized method which lead to longer calculation time.

3.2.1 From 0/1 in MNIST to 7/8 in MNIST

(a) Is it a zero or a one ? (b) Is it an eight or a seven ?

Figure 13: Transfer learning of the source model 0/1 so that it can distinguish 8/7

In this case, P is chosen to be the identity matrix. The intuitive idea is that representations of 7 are quite
close to 1’s, as 0’s are to 8’s. Transfer methods are thought all the more relevant to use as the distance between
source and target datasets are small. Therefore we expected a very low error by classifying sevens and eights
with the original classifier hsource trained on ones and zeros.

Figure 14: Canonical projection from MNIST (clipped to 24 by 24) to sklearn digits (8 by 8)

Project Report - Telecom Paris 10

3.2.2 Between 0/1 in MNIST and 0/1 sklearn digits

(a) Is it a zero or a one ? (b) Is it a zero or a one ?

Figure 15: Transfer learning of the source model 0/1 mnist so that it can distinguish 0/1 sklearn digits

In these cases, P are chosen to be whether an image compression matrix or a scaling up matrix, depending
on the direction of transfer. In order to increase performance and calculation speed, we clipped MNIST images
from 28 by 28 to 24 by 24 pixels. Not only we simplify compression as 24 is multiple of 8, and reduce the MNIST
dimension from d = 784 to d = 576, but also we equate the two datasets as sklearn digits are cut-short images.

3.3 Results
3.3.1 Scoring the canonical projection

For transferring from 0/1 in MNIST to 7/8 in MNIST, the average error was surprisingly evaluated at 70%
which contradict initial intuition. A posteriori, pairing zeros with sevens ans ones with eights leads to positive
results.

For projection between MNIST and sklearn digits, the use of the original model hsource composed with
canonical projection matrix, i.e. no TransBoost yet, leads to good accuracy results :

- less than 15% for transferring from MNIST to sklearn digits : 16

Figure 16: Accuracy comparison between both methods on a data test of variable proportion p

(a) Blue : TransBoost method

(b) Orange : Relearning SVC method

- less than 10% for transferring from sklearn Digit to MNIST : 18

3.3.2 Comparing TransBoost method with relearning from target training set

With TransBoost, minimal error on target test set is barely reached within at most 15 steps. Again, the
better the weak classifier hsource �⇧i is chosen, fewer are steps needed to achieve maximal accuracy.

Again, we compared this method to relearning via linear SVC, depending on the ratio of target test dataset
among total target data.

The result are quite similar within the 3 transfers tested.

3.4 Conclusion
Though TransBoost method allow reasonable low error levels, it seems to be less efficient than relearning

from a linear SVC, whatever the ratio of target test set is.
Moreover, TransBoost method takes certainly longer time to process as the projection are chosen randomly

between huge sample at each steps, but there is no doubt picking off weak classifier could largely be optimized.
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1 Overview

Nowadays, several classification methods exist to split different classes of data. In order to do this, one could
mention classic binary classifiers such as the K- nearest neighbours (kNN) or the Linear SVC algorithms.

Assuming that you have a data that contains pictures of dogs and cats, using one of the basic binary class
methods is an obvious option to learn on this dataset, which we are about to call the dataset source in this
report. What about now if you have another dataset, so-called dataset target, composed of clip-arts of dogs
and cats ? Will you start over and train another independent model on this new dataset or will you use the one
you already have on the former data and adapt it ? Basically, our team has tried to answer this question by
comparing the accuracy of both approaches on different datasets.

Figure 1: Trained model on the data source : is it a picture of a dog or a cat ?

Figure 2: Model source transferred on the data target : is it a clip-art of a dog or a cat ?

In this study, we will let you know how we managed to do this classification transfer, by using a boosting
algorithm on the source model : Adaptive Boosting (AdaBoost). This being said, we will try to see how to
optimize the transferred model’s accuracy analytically. After that, we will see its performances on the classic
Half-moons dataset, which has been rotated. Then, we will use this process to compare the accuracy of a new
independent model trained on the data target in the one hand, and, on the other hand, the accuracy of the
method that we implemented using at the same time transfer and adaptive boosting methods. At least, we will
describe how this process had been employed on the convolutional neural artificial networks model trained on
the data source to make it able to classify the data target with a high level of accuracy from a very few data
training thanks to deep learning.

2 Adaptive Boosting or AdaBoost

2.1 Principle of AdaBoost
Obviously, all data cannot be fully well classified by a linear hypothesis (or classifier). This is the case of the

half-moons dataset for instance. That is why it is called a non linear dataset 3. It is composed of n vectors (x1,
y1), (x2,y2), ..., (xn, yn), where yj is the label associated to the feature xj .

AdaBoost is based on this idea that, after using a simple linear classifier on the data, some points will be
neglected and affected to the wrong class. Well, at the next iteration, these points will be overweighted as the
most important points of the dataset to well classify. Then, a second linear hypothesis is used to split again

Task A

Task B

XA 6= XB
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.

Friendly Training Iterations

xxx (a) (b)

Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,

of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.

Friendly Training Iterations
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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of the current classifier.2 FT consists in alternating two dis-
tinct optimization phases, that are iterated multiple times. In
the first phase, the training data are transformed in order to
make them more easily manageable by the current network.
The training procedure must determine how data should be
simplified according to the way the current network behaves.
In the second phase, the network is updated as in CT, but ex-
ploiting the simplified data instead of the original ones. The
whole procedure is framed in the context of a developmental
plan in which the amount of the alteration is progressively
reduced as long as time passes, until it completely vanishes.
This is inspired by the basic principle of strongly simplify-
ing the data during the early stages of life of the classifier,
in order to favour its development, while the extent of trans-
formation is reduced when the classifier improves its skills.
Clearly, to deploy a trained classifier that does not rely on al-
tered data, the impact of the simplification must vanish dur-
ing the training process, exposing the classifier to the orig-
inal training data after a certain number of steps. Formally,
FT perturbs the training data by estimating the variation �i,

x̃i = xi + �i, (2)

for each example xi. Such estimation is repeated from
scratch for each training example, and at each training
epoch. The terms �i’s are obtained with the goal of mini-
mizing L in Eq. (1), replacing xi with x̃i of Eq. (2). Deter-
mining an accurate �i might require an iterative optimization
procedure, and a maximum number of iterations is defined
to control the strength of the perturbation, progressively re-
duced as long as training proceeds. 3

Neural Friendly Training. Despite the novel view intro-
duced by FT, the instance of (Marullo et al. 2021) is mostly
inspired by the basic tools used in the context of Adversarial
Training (Zhang et al. 2020), with a perturbation model that
requires a per-example independent optimization procedure.
Here we propose to instantiate FT in a different manner, by
considering that there might be some regularities in the way
data samples are simplified. This leads to the introduction of
a more structured transformation function that is shared by
all the examples. This intuition is also motivated by recent
studies in Adversarial Machine Learning that exploited per-
turbation models based on generative networks (Qiu et al.
2020; Xiao et al. 2018), although with the goal of fooling
a classifier. Formally, a training sample xi 2 Rd is trans-
formed into x̃i 2 Rd by means of the function s(xi, ✓),

x̃i = s(xi, ✓), (3)

being ✓ a set of learnable parameters, shared by all the exam-
ples. We consider the case in which s is implemented with
an additional neural network, also referred to as auxiliary

network, whose weights and biases are collected in ✓, and
we talk about Neural Friendly Training (NFT). For conve-
nience in the notation, we keep the definition of �i inherited

2This is significantly different from deciding whether or not to
keep a training example, to weigh its contribute in Eq. (1), or to re-
order the examples. Interestingly, FT is compatible with (and not
necessarily an alternative to) such existing strategies.

3Further details are available in (Marullo et al. 2021).

from Eq. (2), i.e., �i = x̃i�xi. The term main network refers
to the network that implements f , i.e., the classifier, and we
report in Fig. 2 a sketch of the proposed model.
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Figure 2: (a) Classic deep network. (b) Neural Friendly
Training (NFT): main deep network (top) and auxiliary net-
work (bottom). The auxiliary network learns how to simplify
the data x, while the main network learns the classification
task exploiting the simplified data x̃. As long as training pro-
ceeds, the effect of the auxiliary network is progressively
reduced, until it vanishes (and it is removed).

In order to setup a valid developmental plan, we introduce
an augmented criterion by re-defining the risk L of Eq. (1),

L(B, w, ✓) = 1
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where (xi, yi) 2 B, and ⌘ > 0 is the weight of the squared
Euclidean norm of the perturbation �i. We indicate with
� � 1 the NFT iteration index, where each iteration con-
sists of the two aforementioned phases. In the first phase,
the auxiliary network is updated by minimizing Eq. (4) with
respect to ✓, keeping the main network fixed. In the second
phase, the auxiliary network has the sole role of transform-
ing the data, while the main network is updated by mini-
mizing Eq. (4) with respect to w. If all the training data
is used in this phase, then � boils down to the epoch in-
dex (that is the case we considered in the experiments). If
�max is the maximum number of NFT iterations, we en-
sure that after �max simp < �max steps the data are not
perturbed anymore. In order to progressively reduce the per-
turbation level, we increase the value of ⌘ in Eq. (4). For
a large ⌘, NFT will strongly penalize the norm of �i, be-
coming the dominant term in the optimization process of the
auxiliary network, enforcing the net to keep �i small. We
indicate with ⌘max the maximum possible value of ⌘, and
at each step � of the developmental process we compute ⌘
using the following law, being [a]+ the positive part of a,
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One last question

Does the quality of hS plays a role?
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What if ...

Source hypothesis a priori without relation to the target task

Figure 3: Comparison of error rates. y-axis:
test error of the SVM classifier (without trans-
fer). x-axis : test error of the TransBoost clas-
sifier with 10 boosting steps. The results of
75 experiments (each one repeated 100 times)
are summed up in this graph.

Figure 4: Comparison of error rates. y-axis:
test error of the “naïve” transfer method. x-
axis : test error of the TransBoost classifier
with 10 boosting steps. The results of 75
experiments (each one repeated 100 times)
are summed up in this graph.

In these experiments the target domain is R70 while the source domain is R40. The source hypothesis
is chosen randomly in a set of functions completely independently from the target classification
problem, which, here, is the same as in the first set of experiments. The set of projections is the same
as in the first set of experiments.

Table 2 shows a representative set of results. Again, even in this a priori difficult transfer problem,
TransBoost brings remarkable gains wrt. learning without transfer, except when the learning task is
easy using directly the target data. (Note that there is no error rate given for the source hypothesis
since it was not learnt using a data set. Indeed, even if it had been so, this error rate would not have
any meaning as regards to the target learning task).

slope, noise, tT hT (train) hT (test) HT (train) HT (test)
0.001, 0.001, 70 0.44 ± 0.02 0.48 ± 0.02 0.06 ± 0.02 0.06 ± 0.02
0.005, 0.005, 70 0.11 ± 0.04 0.13 ± 0.05 0.02 ± 0.01 0.02 ± 0.02
0.005, 0.005, 70 0.10 ± 0.04 0.11 ± 0.05 0.01 ± 0.01 0.01 ± 0.01
0.005, 0.05, 70 0.11 ± 0.04 0.12 ± 0.05 0.04 ± 0.02 0.03 ± 0.01
0.001, 0.001, 70 0.42 ± 0.03 0.48 ± 0.02 0.33 ± 0.02 0.37 ± 0.02
0.01, 0.1, 70 0.06 ± 0.03 0.08 ± 0.03 0.08 ± 0.02 0.08 ± 0.02

Table 2: Learning without transfer and with transfer using an apriori irrelevant source hypothesis.

7 Conclusions

In this paper, we have introduced a new perspective on transfer learning and a new method. The notion
of difference or distance between the source and target domains is seen differently. Whereas previous
works on domain adaptation and transfer learning emphasized finding a common representation of the
source and target training sets, thus limiting the possible differences between source and target, our
view is that what matters is to be able to translate questions in the target domain into questions that
can be answered by the available source hypothesis. In fact, as long as we can find “weak translators”,
we can use any source hypothesis at all, without any regard to its internal function or its purpose. In
this perspective, the core of transfer learning is to be able to identify an adequate set of projections or
translations ⇡: one with the weak transfer property and with limited capacity.

This is similar to the choice of a good regularization term. Here, the source hypothesis forces the
target hypothesis space to be of the form hS � ⇡ with ⇡ : XT ! XS . If the source hypothesis
(regularizer) is ill-chosen, then the learning task is made difficult or even impossible. In fact, negative

8

Learning from target data only
TransBoost with 

“irrelevant” source hypothesis

hS randomly chosen on the source task 

Very good 
results!!

bR(hS) ⇡ 0.5

Hard
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One last question

Does the quality of hS plays a role?

What is the role of hS??

NO!!
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Analysis

• The quality of the source hypothesis on the source data?

– Plays no role

• The proximity of the source and target distributions PX and PY?

– Plays no role
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But… !?

Still some transfer learning problems 

appear to us more easy than others???

=>  No condition on the source!??
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Interpretation

Transfer acts as a  bias   and  hS is a strong part of this bias

– If the source hypothesis is well chosen: the bias is well informed

• Which does not mean that hS must be good on the source task

– Otherwise: Learning is badly directed

                         or there is over-fitting if the capacity of                is too largehS � ⇡
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Lessons

– The learning problem now becomes the problem 

of choosing a good set of (weak) projections

– Theoretical guarantees exist
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Analysis

• The generalization properties of TransBoost 

can be imported from the ones for boosting

Transfer Learning by Learning Projections from Target to Source 5

where ! : IR ! IR is a non-decreasing function.
Equation (2) means that the best target hypothesis expressed using the

learned source hypothesis has a true risk bounded by a non-decreasing func-
tion of the true risk on the source domain of the learned source hypothesis.

We are now in position to get the desired theorem.

Theorem 1. Let ! : IR ! IR be a non-decreasing function. Suppose that PS ,

PT , hS , hT = bhS � ⇡(⇡ 2 ⇧), bhS and ⇧ have the property given by Equation

(2). Let b⇡ := ArgMin⇡2⇧
bRT (bhS � ⇡), be the best apparent projection.
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Proof. Let ⇡
⇤ = ArgMin⇡2⇧ RT (hS � ⇡). With probability at least 1 � �:
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This follows from the fact that [10] (p.48) using m training points and a
hypothesis class of VC dimension d, with probability at least 1 � �, for all hy-
potheses h simultaneously, the true risk R(h) and empirical risk bR(h) satisfy

|(R(h)� bR(h)|  2
q

2 d log(2em/d)+2 log(4/�)
m . For hS �⇧, this yields the first and

third inequalities with probabilities at least 1� �/2. For HS , this yields the fifth
inequality with probability at least 1 � �/2. Applying the union bound archives
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In the formulation above, the loss function is only minimized with respect to w
and not specifically with respect to β. However, it is assumed that Ω(β) ≤ ρ making
β constrained by a strongly convex function, which allows one to cover regularized
algorithms that consider an additional regularization with respect to β. As in the
previous analysis, the key quantity RT (h

β
src) measuring the relevance of the source

hypothesis on the target domain will play a crucial role in the analysis of the
generalization properties of hŵ,β. To illustrate the types of algorithms covered by
this analysis, we can consider the least squares based regularization. More formally,
given a target training sample T = {(xi, yi)}mi=1, source hypothesis {wi

src} ⊂ H, the
parameters β ∈ Rn and λ ∈ R+, the least squares algorithm with biased
regularization outputs the target hypothesis

h(x) := 〈ŵ,x〉,

where

ŵ = argmin
w∈H





1

m

m∑

i=1

(〈ŵ,xi〉 − yi)
2 + λ‖w −

n∑

j=1

βjw
j
src‖22




 . [7.2]

The problem defined by equation [7.2] can be interpreted as the minimization of
the empirical error on the target sample, while keeping the solution close to the (best)
linear combination of source hypotheses. It can actually be proved that this
formulation is a special case of the classic regularized ERM [KUZ 17, KUZ 18].
While the formulation presented in equation [7.2] is limited to linear combination of
source hypotheses living in the same space of the target predictor, it can be
generalized allowing one to treat the source hypotheses as “black boxes” predictors
[KUZ 17, KUZ 18].

The results presented below correspond to generalization bounds for regularized
ERM-based algorithms.

THEOREM 7.3 ([KUZ 17]).– Let hŵ,β a hypothesis output by a regularized ERM
algorithm from a m-sized training set T i.i.d. from the target domain T , n source
hypotheses {hi

src : ‖hi
src‖∞ ≤ 1}ni=1, any source weights β obeying Ω(β) ≤ ρ and

λ ∈ R+. Assume that the loss is bounded by M : $(hŵ,β(x), y) ≤ M for any (x, y)
and any training set. Then, denote κ = H

σ and assuming that λ ≤ κ with probability
at least 1− e−η , ∀η ≥ 0:

RT (hŵ,β) ≤ RT̂ (hŵ,β) +O




Rsrc

T κ√
mλ

+

√
Rsrc

T ρκ2

mλ
+

Mη

m log

(
1 +

√
Mη
usrc

)




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≤ RT̂ (hŵ,β) +O
(

κ√
m

(
Rsrc

T
λ

+

√
Rsrc

T ρ

λ

)
+

κ

m

(√
Rsrc

T Mη

λ
+

√
ρ

λ

))
,

where usrc = Rsrc
T

(
m+ κ

√
m

λ

)
+ κ

√
Rsrc

T mρ
λ and Rsrc

T = RT (hβ
src) is the risk of the

source hypothesis combination.

The risk of the source hypothesis combination on the target domain (Rsrc)
provides an important information that can be interpreted in two aspects: obviously
the performance of the source hypothesis combination on the target domain, but also
an indicator of the relatedness between the source and target domains:

– when the source information is bad for the target domain, i.e. Rsrc
T is high, then

hβ
src is useless for the transfer task. This can be interpreted as learning with no useful

auxiliary information. Assuming that Rsrc
T ≤ M , from theorem 7.3, we can get that

RT (hŵ,β) − RT̂ (hŵ,β) ≤ O(1/(
√
mλ). We recover classic rate suggesting that the

approach is robust to negative transfer;

– when the source domain is informative for the target domain, one can have
guarantees for small learning samples. In particular, let m = O(1/Rsrc

T ), then we
can obtain a convergence rate of O(

√
ρ/m

√
λ). This implies that a fast convergence

rate behavior can be obtained with “small m” that depends on the performance of the
combined source hypotheses. Asymptotically, the theorem also shows that a rate of
O(Rsrc

T /(
√
mλ) +

√
Rsrc

T ρ/mλ) can be obtained where the term Rsrc
T is related to the

constant factor of the rate. Hence, a small Rsrc
T allows one to have a faster convergence

making use of the information coming the source hypotheses combination;

– when the source domain is actually perfect for the target domain, i.e. Rsrc
T =

0, the source hypothesis is able to perfectly predict labels of instances of the target
domain. In this case, theorem 7.3 implies that R(hŵ,β) = RT̂ (hŵ,β) with probability
one. For most commonly used smooth loss functions, this setting is realistic only if
source and target domains are the same and the task considered is noise free. Anyway,
it is possible for some specific loss, such as the squared hinge loss, and with a target
domain that can perfectly classified by the source.

7.3.4. Comparison with standard theory of domain adaptation

The seminal results from [BEN 10a] and [MAN 09a] have provided the first
theoretical frameworks for domain adaptation using a domain divergence between
distributions. Following the results presented in Chapter 3 on divergence-based
generalization bounds derived in the literature, these bounds have in general the
following form:

RT (h) ≤ RS(h) + d(SX, TX) + λ,
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This follows from the fact that [10] (p.48) using m training points and a
hypothesis class of VC dimension d, with probability at least 1 � �, for all hy-
potheses h simultaneously, the true risk R(h) and empirical risk bR(h) satisfy

|(R(h)� bR(h)|  2
q

2 d log(2em/d)+2 log(4/�)
m . For hS �⇧, this yields the first and

third inequalities with probabilities at least 1� �/2. For HS , this yields the fifth
inequality with probability at least 1 � �/2. Applying the union bound archives

“Authors also present some theory, but at the moment, again, it is essentially a trivial 
extension of boosting theory. TL bounds should incorporate the quality of the source 
hypothesis, e.g. the risk of the source on \mathcal{D}_T.”
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hypothesis class of VC dimension d, with probability at least 1 � �, for all hy-
potheses h simultaneously, the true risk R(h) and empirical risk bR(h) satisfy

|(R(h)� bR(h)|  2
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2 d log(2em/d)+2 log(4/�)
m . For hS �⇧, this yields the first and

third inequalities with probabilities at least 1� �/2. For HS , this yields the fifth
inequality with probability at least 1 � �/2. Applying the union bound archives
the desired results. The second inequality follows from the definition of b⇡, and
the fourth inequality is where we inject our assumption about the transferability
(or proximity) between the source and the target problem. ⇤

We can thus control the generalization error on the transfer domain by con-
trolling dhS�⇧ , mS and ! which measures the link between the domain and the
target domain. The number of target training data mT is typically supposed to
be small in transfer learning and thus cannot be employed to control the error.

Theoretical guarantees
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Transfer Learning by Learning Projections from Target to Source

For the latter term, we adapt the theoretical study of Mc-
Namara and Balcan (?) on the transfer of representation
in deep neural networks. We suppose that PS , PT , hS ,
hT = bhS � ⇡ (⇡ 2 ⇧), bhS and ⇧ have the property:

8 bhS 2 HS : Min
⇡2⇧

RT (bhS � ⇡)  !
�
RS(hS)

�
(2)

where ! : IR ! IR is a non-decreasing function.

Equation (2) means that the best target hypothesis expressed
using the learned source hypothesis has a true risk bounded
by a non-decreasing function of the true risk on the source
domain of the learned source hypothesis.
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For the latter term, we adapt the theoretical study of Mc-
Namara and Balcan (?) on the transfer of representation
in deep neural networks. We suppose that PS , PT , hS ,
hT = bhS � ⇡ (⇡ 2 ⇧), bhS and ⇧ have the property:
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Equation (2) means that the best target hypothesis expressed
using the learned source hypothesis has a true risk bounded
by a non-decreasing function of the true risk on the source
domain of the learned source hypothesis.
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Irrelevant
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One last question

A relationship with tracking?
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Tracking

Instead of learning a complex function over the whole of X 

• If you know that the task is slowly evolving with time

• Learn a simple local function

Intro Approaches Modern view Changes Conclusions Definition Analysis A new pb Transfer Teachability

Tracking
Definition

Assumptions:

Data streams

Temporal consistency : consecutive
data points come from “similar”
distribution: not i.i.d.

Limited resources: Restricted
hypothesis space H x

y

“Local” learning

and local prediction :

Lt = `(ht(xt), yt)

= `(ht(xt), f (xt, ✓t))
x

y

fenêtre

SKS:07 R. Sutton and A. Koop and D. Silver (2007) “On the role of tracking in stationary environments” (ICML-
07) Proceedings of the 24th international conference on Machine learning, ACM, pp.871-878, 2007.

70 / 81

Intro Approaches Modern view Changes Conclusions Definition Analysis A new pb Transfer Teachability

Tracking
A new inductive problem

Notion of temporal consistency

f (·, ✓t) continuous
and with bounded variation / ✓t

New inductive criterion

Lh0,Ti(r) =
TX

t=0

`(ht(xt), yt)

+ �
X

||ht � ht�1||2

+ Capacity(R)

x

y

fenêtre

x

y

fenêtre

Do not optimize the choice of ONE h any longer!!

but optimize the learning rule (r 2 R) instead: (ht�1, xt)
r
�! ht !!

73 / 81

Intro Approaches Modern view Changes Conclusions Definition Analysis A new pb Transfer Teachability

Tracking
Motivation

In a lot of natural settings:

Data comes sequentially

Temporal consistency : consecutive
data points come from “similar”
distribution: not i.i.d.

This enables:

Powerful learning

with limited resources
(time + memory)

x1

x2

X

SKS:07 R. Sutton and A. Koop and D. Silver (2007) “On the role of tracking in stationary environments” (ICML-
07) Proceedings of the 24th international conference on Machine learning, ACM, pp.871-878, 2007.
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Tracking in stationary environments

Tracking to play Go

•  5 x 5 Go

– More than 5 x 1010 unique positions

•  Usual approach: learn a general evaluation function V(s) valid    s

On the Role of Tracking in Stationary Environments
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Figure 3. Comparison of the mean log loss per time-step for
fixed step-sizes in the Black and White world. The dotted
line marks the loss of the converged solution. Standard
error bars are given.

coherence of the environment. If the probability of
looking up is increased, the lowest loss occurs with
larger values of ↵. When the probability of looking is
very small, temporal coherence is completely lost and
the best values for ↵ are those that allow approximate
convergence. In a later section we will see how ↵ can
be set by a meta-learning algorithm.

3. Tracking versus converging in Go

To compare tracking and converging algorithms in a
more complex domain, we used the game of 5⇥ 5 Go.
Even with a small board size, this domain poses a
considerable challenge. There are more than 5⇥ 1010

unique states, and the game contains su�cient strate-
gic depth to merit a regular column in professional Go
periodicals (Davies, 1994).

In a complex domain such as Go, it is usual to seek the
best approximation to the optimal policy that can be
achieved by a particular representation, for example a
linear combination of binary features (Silver, Sutton
& Müller, 2007), or a multi-layer perceptron (Schrau-
dolph, Dayan & Sejnowski, 1994; Enzenberger, 2003).
However, it may be possible to do better than any
fixed policy, given the same representation. At each
time step, the agent seeks the best policy for the dis-
tribution of states encountered when starting from the
current state. Thus, the agent devotes its learning re-
sources to the current situation, rather than spreading
them across the complete distribution of states.

To demonstrate this idea, we chose the representation
used by Silver et al. (2007). The value function V (s)

is approximated by a linear combination of binary fea-
tures x(s), squashed by a sigmoid function (see Equa-
tion 1 and Figure 4). The reward function is r = 1 for
winning, and r = 0 otherwise, so that the value func-
tion estimates the probability of winning the game.

V(s)

x(s) w

0.0724552 0.0624626 -0.062373 -0.0622525 -0.0613142 -0.0579365 0.05772
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0.0283838 0.0283838 0.0274134 0.0274134 0.0261561 -0.0257755 -0.0255928

0.0240448 -0.0240236 -0.023458 -0.023458 -0.023458 -0.023458 -0.023458

-0.022507 -0.022507 0.0220651 0.0220651 -0.0207052 -0.0207052 -0.0205356

-0.0202356 0.0200196 0.0200196 0.0197588 0.0189705 0.0185678 -0.0183054

0.0172289 0.0172289 0.0171581 0.0171581 0.0166574 0.0166083 0.0163786

-0.0163256 0.0162125 0.0162125 -0.0158571 -0.0150487 0.0149172 0.0149172
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Figure 1: (a) Capturing moves for black, (b) A position from a game of 5x5 Atari-Go, (c)
A 2x2 location invariant shape feature that matches once on the left and twice on the right
hand side of the game position, and a corresponding weight learned by the agent (d) A 2x2
location dependent feature that matches both the top-left and top-right corners of the same
position, and corresponding weight.

2 Local Shape

Professional Go players analyse positions using a large vocabulary of local shapes, such
as joseki (corner patterns) and tesuji (tactical patterns). These may occur at a variety of
different scales, and may be specific to a position on the board or equally applicable across
the whole board. To encapsulate all these forms of knowledge, we encoded local shape
knowledge using a multi-scale representation that includes both location dependent and
location invariant features.

In addition, current Computer Go programs rely heavily on the use of pattern databases to
represent local positional knowledge [?, ?] . Manyman-years are devoted to hand-encoding
professional expertise into the strongest programs, in the form of local shape knowledge
(see Figure ??). If these databases could be learned purely from experience, it is likely to
significantly boost the robustness and overall performance of the top programs.

Prior work on local shape extraction has focussed on supervised learning for local move
prediction [?, ?]. Despite some limited success, this approach has not led to strong play,
due perhaps to its focus on mimicking rather than evaluating and understanding the shapes
encountered. A second approach has been to train neural networks by temporal difference
learning, where the networks implicitly contain some representation of local shape [?, ?].
Although successful in many regards, the local shape knowledge is limited in scope by the
network architecture. Furthermore, the results cannot be directly understood or interpreted
in the manner of pattern databases.

Table 1: For each feature set F , the total number n(F ) of local shape features in F , and
the total number of active featuresm(F ) active in any given position.

F 1x1 2x1 2x2 3x2 3x3

n(F )
LI 3 9 81 729 19,683
LD 27 54 324 2,916 78,732

m(F )
LI 50 80 128 32 72
LD 50 40 32 32 32

Σ

Figure 4. Value function approximation for 5⇥ 5 Go

Each binary feature recognizes a particular pattern of
stones within some rectangle on the board. Binary fea-
tures are used for all possible configurations from 1⇥1
up to 3⇥3; some example features are shown in the left
sides of Figures 6 and 7. Weights are shared between
sets of symmetric shapes, to take account of any rota-
tional, reflectional and translational symmetries that
may exist (Silver el al., 2007). The weights for these
features can be interpreted as the expected contribu-
tion that each shape makes to winning the game, over
the on-policy distribution of states.

As in the Black and White world, we adjust weights so
as to minimize the cross entropy between the current
prediction and the subsequent prediction. Thus, we
use equations 2 and 3, where the target at time t is set
according to the TD(0) algorithm (Sutton, 1988):

zt = rt+1 + V (st+1). (4)

We considered two versions of the learning algorithm.
For the converging agent, we initialized all weights to
small random values and trained o✏ine for 250,000
complete episodes of self-play. For the tracking agent,
we also initialized the weights randomly. At every
time-step t, we trained the agent online for 10,000
episodes of self-play, starting from the current posi-
tion st.2 The result of 5 ⇥ 5 Go is usually deter-
mined within the first 25 moves, thus the tracking

2This tracking approach to computer Go is surprisingly
practical. Because we use a linear evaluation function and
binary features, learning is very fast. In this setting the
learning algorithm is fast enough to simulate and process
10,000 complete games in just a few seconds (see table 2).
In fact, a fully functional 9x9 Computer Go program cur-
rently competes online on the Computer Go Online Server,
using precisely this tracking algorithm. Not only does this
demonstrate that the tracking algorithm is practical, but
also that it can be used under strict time constraints (5
minutes per complete game on CGOS).

8

Features describing the situation

Associated weights (learnt)
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Tracking in stationary environments

• Tracking approach: learn an evaluation function V(s) 
    local to the current s

On the Role of Tracking in Stationary Environments
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Figure 3. Comparison of the mean log loss per time-step for
fixed step-sizes in the Black and White world. The dotted
line marks the loss of the converged solution. Standard
error bars are given.

coherence of the environment. If the probability of
looking up is increased, the lowest loss occurs with
larger values of ↵. When the probability of looking is
very small, temporal coherence is completely lost and
the best values for ↵ are those that allow approximate
convergence. In a later section we will see how ↵ can
be set by a meta-learning algorithm.

3. Tracking versus converging in Go

To compare tracking and converging algorithms in a
more complex domain, we used the game of 5⇥ 5 Go.
Even with a small board size, this domain poses a
considerable challenge. There are more than 5⇥ 1010

unique states, and the game contains su�cient strate-
gic depth to merit a regular column in professional Go
periodicals (Davies, 1994).

In a complex domain such as Go, it is usual to seek the
best approximation to the optimal policy that can be
achieved by a particular representation, for example a
linear combination of binary features (Silver, Sutton
& Müller, 2007), or a multi-layer perceptron (Schrau-
dolph, Dayan & Sejnowski, 1994; Enzenberger, 2003).
However, it may be possible to do better than any
fixed policy, given the same representation. At each
time step, the agent seeks the best policy for the dis-
tribution of states encountered when starting from the
current state. Thus, the agent devotes its learning re-
sources to the current situation, rather than spreading
them across the complete distribution of states.

To demonstrate this idea, we chose the representation
used by Silver et al. (2007). The value function V (s)

is approximated by a linear combination of binary fea-
tures x(s), squashed by a sigmoid function (see Equa-
tion 1 and Figure 4). The reward function is r = 1 for
winning, and r = 0 otherwise, so that the value func-
tion estimates the probability of winning the game.
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Figure 1: (a) Capturing moves for black, (b) A position from a game of 5x5 Atari-Go, (c)
A 2x2 location invariant shape feature that matches once on the left and twice on the right
hand side of the game position, and a corresponding weight learned by the agent (d) A 2x2
location dependent feature that matches both the top-left and top-right corners of the same
position, and corresponding weight.

2 Local Shape

Professional Go players analyse positions using a large vocabulary of local shapes, such
as joseki (corner patterns) and tesuji (tactical patterns). These may occur at a variety of
different scales, and may be specific to a position on the board or equally applicable across
the whole board. To encapsulate all these forms of knowledge, we encoded local shape
knowledge using a multi-scale representation that includes both location dependent and
location invariant features.

In addition, current Computer Go programs rely heavily on the use of pattern databases to
represent local positional knowledge [?, ?] . Manyman-years are devoted to hand-encoding
professional expertise into the strongest programs, in the form of local shape knowledge
(see Figure ??). If these databases could be learned purely from experience, it is likely to
significantly boost the robustness and overall performance of the top programs.

Prior work on local shape extraction has focussed on supervised learning for local move
prediction [?, ?]. Despite some limited success, this approach has not led to strong play,
due perhaps to its focus on mimicking rather than evaluating and understanding the shapes
encountered. A second approach has been to train neural networks by temporal difference
learning, where the networks implicitly contain some representation of local shape [?, ?].
Although successful in many regards, the local shape knowledge is limited in scope by the
network architecture. Furthermore, the results cannot be directly understood or interpreted
in the manner of pattern databases.

Table 1: For each feature set F , the total number n(F ) of local shape features in F , and
the total number of active featuresm(F ) active in any given position.

F 1x1 2x1 2x2 3x2 3x3

n(F )
LI 3 9 81 729 19,683
LD 27 54 324 2,916 78,732

m(F )
LI 50 80 128 32 72
LD 50 40 32 32 32
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Figure 4. Value function approximation for 5⇥ 5 Go

Each binary feature recognizes a particular pattern of
stones within some rectangle on the board. Binary fea-
tures are used for all possible configurations from 1⇥1
up to 3⇥3; some example features are shown in the left
sides of Figures 6 and 7. Weights are shared between
sets of symmetric shapes, to take account of any rota-
tional, reflectional and translational symmetries that
may exist (Silver el al., 2007). The weights for these
features can be interpreted as the expected contribu-
tion that each shape makes to winning the game, over
the on-policy distribution of states.

As in the Black and White world, we adjust weights so
as to minimize the cross entropy between the current
prediction and the subsequent prediction. Thus, we
use equations 2 and 3, where the target at time t is set
according to the TD(0) algorithm (Sutton, 1988):

zt = rt+1 + V (st+1). (4)

We considered two versions of the learning algorithm.
For the converging agent, we initialized all weights to
small random values and trained o✏ine for 250,000
complete episodes of self-play. For the tracking agent,
we also initialized the weights randomly. At every
time-step t, we trained the agent online for 10,000
episodes of self-play, starting from the current posi-
tion st.2 The result of 5 ⇥ 5 Go is usually deter-
mined within the first 25 moves, thus the tracking

2This tracking approach to computer Go is surprisingly
practical. Because we use a linear evaluation function and
binary features, learning is very fast. In this setting the
learning algorithm is fast enough to simulate and process
10,000 complete games in just a few seconds (see table 2).
In fact, a fully functional 9x9 Computer Go program cur-
rently competes online on the Computer Go Online Server,
using precisely this tracking algorithm. Not only does this
demonstrate that the tracking algorithm is practical, but
also that it can be used under strict time constraints (5
minutes per complete game on CGOS).
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Figure 7. (Left) A 3 ⇥ 3 feature making two eyes in the
corner. (Right) Black to play, move a is now the winning
move. Using 3 ⇥ 3 features, the converging agent makes
two eyes at b, believing this to be a good shape in general.
However, the tracking agent realizes that move b is redun-
dant (black already has two eyes) and learns to play the
winning move at a.

now bad: Black already has two eyes and should play
in the center to maximize his territory. The converg-
ing agent is unable to understand the global context
and plays the wrong move in the corner. The track-
ing agent learns that the corner pattern is not as im-
portant as the central territory in this context, and
plays the correct move in the center. Thus, the track-
ing agent customizes its policy to the current situation
and outperforms the converging agent, even when the
representation is expressive and rich with features.

4. Step-size adaptation in the Black

and White world

As we saw in the Black and White world, the best
step-size parameter ↵ generally depends on the degree
of temporal coherence of the world, which may not
be known a priori. This is an area in which meta-
learning might play a role. We present an adaptation
of the incremental delta-bar-delta (IDBD) algorithm,
an online meta-learning algorithm that uses gradient
descent to learn step-size parameters (Sutton, 1992a,
1992b). Here we use a version of IDBD customized for
the log loss we use in this paper. Our derivation of
the IDBD algorithm for log loss directly parallels that
presented by Sutton (1992a) for squared error.

The IDBD algorithm allows for a di↵erent step-size ↵i

for each component wi of the parameter vector w. The
weight update rule is similar to that for the scalar case
shown in Section 2:
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The full algorithm for semi-linear IDBD is given in
Figure 1.

Algorithm 1 Semi-linear IDBD
Initialize hi

0 to 0, wi
0 and �i

0 as desired.
for each time step t do
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�i  �i + µ�xihi

↵i  e�i

wi  wi + ↵i�xi
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end for
end for
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Figure 7. (Left) A 3 ⇥ 3 feature making two eyes in the
corner. (Right) Black to play, move a is now the winning
move. Using 3 ⇥ 3 features, the converging agent makes
two eyes at b, believing this to be a good shape in general.
However, the tracking agent realizes that move b is redun-
dant (black already has two eyes) and learns to play the
winning move at a.

now bad: Black already has two eyes and should play
in the center to maximize his territory. The converg-
ing agent is unable to understand the global context
and plays the wrong move in the corner. The track-
ing agent learns that the corner pattern is not as im-
portant as the central territory in this context, and
plays the correct move in the center. Thus, the track-
ing agent customizes its policy to the current situation
and outperforms the converging agent, even when the
representation is expressive and rich with features.

4. Step-size adaptation in the Black

and White world

As we saw in the Black and White world, the best
step-size parameter ↵ generally depends on the degree
of temporal coherence of the world, which may not
be known a priori. This is an area in which meta-
learning might play a role. We present an adaptation
of the incremental delta-bar-delta (IDBD) algorithm,
an online meta-learning algorithm that uses gradient
descent to learn step-size parameters (Sutton, 1992a,
1992b). Here we use a version of IDBD customized for
the log loss we use in this paper. Our derivation of
the IDBD algorithm for log loss directly parallels that
presented by Sutton (1992a) for squared error.
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Figure 1.

Algorithm 1 Semi-linear IDBD
Initialize hi

0 to 0, wi
0 and �i

0 as desired.
for each time step t do
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1+e
Pn

i=1 �wixi
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for each weight i do

�i  �i + µ�xihi

↵i  e�i

wi  wi + ↵i�xi

hi  hi[1� ↵i(xi)2y(1� y)] + ↵i�xi

end for
end for

On the Role of Tracking in Stationary Environments

Features Tracking beats converging
Black White Total

1⇥ 1 82% 43% 62.5%
2⇥ 2 90% 71% 80.5%
3⇥ 3 93% 80% 86.5%

Table 1. Percentage of 5⇥5 Go games won by the tracking
agent playing against the converging agent when playing
as Black (first to move) and as White.

agent received slightly less experience than the con-
verging agent. We played the tracking and converg-
ing agents against each other to compare their per-
formance. Both agents used an ✏-greedy policy during
self-play training, but a greedy policy to select their ac-
tual moves. The step-size was set to ↵t = 0.1/||x(st)||
for both agents.

The first experiment used only the 1⇥1 features. Each
subsequent experiment included additional features of
increasing complexity, up to 3 ⇥ 3. Every experiment
consisted of 200 games, retraining both agents from
scratch for each game, and alternating colours between
games. In all experiments, the tracking agent won a
substantial majority of the games (Table 1 and Fig-
ure 5) with the advantage being largest for the more
expressive representations.

The simplest representation, using just the 1 ⇥ 1 fea-
tures, demonstrates a clear advantage for tracking over
converging. For example, it is usually bad for Black
to play on the corner intersection, and so the con-
verging agent learns a negative weight for this feature.
However, Figure 6 shows a position in which the cor-
ner intersection is the most important point on the
board for Black: it makes two eyes and allows the
Black stones to live. By learning about the particular
distribution of states arising from this position, the
tracking agent learns a large positive weight for the
corner feature. When playing Black in this position,
the converging agent plays in the central intersection
and loses; whereas the tracking agent plays in the cor-
ner and wins.

As the representation becomes more expressive, the
agent is able to learn more complex patterns and
the performance of both tracking and converging in-
creases. However, the tracking agent is able to ex-
ploit the additional features better than the converg-
ing agent (see Figure 5). For example, the converging
agent now learns that the corner intersection is bad
in general, but good when it occurs in a 3 ⇥ 3 pat-
tern providing two eyes. However, there are still spe-
cial cases where this does not hold. Figure 7 shows a
similar position in which this same corner pattern is

Features Total CPU (minutes)
features Tracking Converging

1⇥ 1 75 3.5 10.1
2⇥ 2 1371 5.7 13.8
3⇥ 3 178518 9.1 22.2

Table 2. Memory and CPU requirements for tracking and
converging agents. The total number of binary features
indicates the memory consumption. The CPU time is
the average training time required to play a complete
game: 250,000 episodes of training for the converging
agent; 10,000 episodes of training per move for the tracking
agent.

Figure 5. Games won by tracking agent against converging
agent, playing 100 games as Black and 100 games as White.

b

a

Figure 6. (Left) A 1⇥ 1 feature with a central black stone.
(Right) With Black to play, move b is the winning move.
Using 1 ⇥ 1 features, the converging agent plays centrally
at a, having learned that this is a good feature in general.
However, the tracking agent learns that Black must play
at b in this particular situation, to make two eyes.

In general, playing (a) 
(center) is better than 

playing (b)

In this situation, playing (b) 
is better than playing (a)

More weight

BUT

More weight
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Tracking as local changes of representation

...

Space of go positions

Features

x

x’

Embedding 
Space of representations

The weights of the features
change with the evolving positionOn the Role of Tracking in Stationary Environments
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Figure 7. (Left) A 3 ⇥ 3 feature making two eyes in the
corner. (Right) Black to play, move a is now the winning
move. Using 3 ⇥ 3 features, the converging agent makes
two eyes at b, believing this to be a good shape in general.
However, the tracking agent realizes that move b is redun-
dant (black already has two eyes) and learns to play the
winning move at a.

now bad: Black already has two eyes and should play
in the center to maximize his territory. The converg-
ing agent is unable to understand the global context
and plays the wrong move in the corner. The track-
ing agent learns that the corner pattern is not as im-
portant as the central territory in this context, and
plays the correct move in the center. Thus, the track-
ing agent customizes its policy to the current situation
and outperforms the converging agent, even when the
representation is expressive and rich with features.

4. Step-size adaptation in the Black

and White world

As we saw in the Black and White world, the best
step-size parameter ↵ generally depends on the degree
of temporal coherence of the world, which may not
be known a priori. This is an area in which meta-
learning might play a role. We present an adaptation
of the incremental delta-bar-delta (IDBD) algorithm,
an online meta-learning algorithm that uses gradient
descent to learn step-size parameters (Sutton, 1992a,
1992b). Here we use a version of IDBD customized for
the log loss we use in this paper. Our derivation of
the IDBD algorithm for log loss directly parallels that
presented by Sutton (1992a) for squared error.

The IDBD algorithm allows for a di↵erent step-size ↵i

for each component wi of the parameter vector w. The
weight update rule is similar to that for the scalar case
shown in Section 2:
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The full algorithm for semi-linear IDBD is given in
Figure 1.

Algorithm 1 Semi-linear IDBD
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On the Role of Tracking in Stationary Environments

Features Tracking beats converging
Black White Total

1⇥ 1 82% 43% 62.5%
2⇥ 2 90% 71% 80.5%
3⇥ 3 93% 80% 86.5%

Table 1. Percentage of 5⇥5 Go games won by the tracking
agent playing against the converging agent when playing
as Black (first to move) and as White.

agent received slightly less experience than the con-
verging agent. We played the tracking and converg-
ing agents against each other to compare their per-
formance. Both agents used an ✏-greedy policy during
self-play training, but a greedy policy to select their ac-
tual moves. The step-size was set to ↵t = 0.1/||x(st)||
for both agents.

The first experiment used only the 1⇥1 features. Each
subsequent experiment included additional features of
increasing complexity, up to 3 ⇥ 3. Every experiment
consisted of 200 games, retraining both agents from
scratch for each game, and alternating colours between
games. In all experiments, the tracking agent won a
substantial majority of the games (Table 1 and Fig-
ure 5) with the advantage being largest for the more
expressive representations.

The simplest representation, using just the 1 ⇥ 1 fea-
tures, demonstrates a clear advantage for tracking over
converging. For example, it is usually bad for Black
to play on the corner intersection, and so the con-
verging agent learns a negative weight for this feature.
However, Figure 6 shows a position in which the cor-
ner intersection is the most important point on the
board for Black: it makes two eyes and allows the
Black stones to live. By learning about the particular
distribution of states arising from this position, the
tracking agent learns a large positive weight for the
corner feature. When playing Black in this position,
the converging agent plays in the central intersection
and loses; whereas the tracking agent plays in the cor-
ner and wins.

As the representation becomes more expressive, the
agent is able to learn more complex patterns and
the performance of both tracking and converging in-
creases. However, the tracking agent is able to ex-
ploit the additional features better than the converg-
ing agent (see Figure 5). For example, the converging
agent now learns that the corner intersection is bad
in general, but good when it occurs in a 3 ⇥ 3 pat-
tern providing two eyes. However, there are still spe-
cial cases where this does not hold. Figure 7 shows a
similar position in which this same corner pattern is

Features Total CPU (minutes)
features Tracking Converging

1⇥ 1 75 3.5 10.1
2⇥ 2 1371 5.7 13.8
3⇥ 3 178518 9.1 22.2

Table 2. Memory and CPU requirements for tracking and
converging agents. The total number of binary features
indicates the memory consumption. The CPU time is
the average training time required to play a complete
game: 250,000 episodes of training for the converging
agent; 10,000 episodes of training per move for the tracking
agent.

Figure 5. Games won by tracking agent against converging
agent, playing 100 games as Black and 100 games as White.

b

a

Figure 6. (Left) A 1⇥ 1 feature with a central black stone.
(Right) With Black to play, move b is the winning move.
Using 1 ⇥ 1 features, the converging agent plays centrally
at a, having learned that this is a good feature in general.
However, the tracking agent learns that Black must play
at b in this particular situation, to make two eyes.
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Transboost as local changes of representation
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Transboost as local changes of representation
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Conclusions

• The theoretical guarantees for transfer learning:

• Do not necessarily depend on the performance of the source hypothesis hS 

     But depend on the bias that hS determines

• Involve the capacity of the space of transformations 

(and the path followed between source and target)

Still to be explored
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• Idea of minimizing a distance between the “local” models

What kind of distance ?
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Outline

1. Transfer learning: questions

2. TransBoost: an algorithm and what it tells on the role of the source 

3.  The MDLP and analogy making

4.  Conclusions



Kolmogorov’s complexity

Complexity of a sequence =
Size in bits of the smallest program 

that can generate that sequence

Andreï Kolmogorov 
(1903 – 1987)

x : the sequence
PM : program coded on machine M
l(p) : size of p

62
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Kolmogorov’s complexity

• True randomness

– No structure

– Smallest program = the sequence itself

• Pi

– Lots of structure, very simple!

– Infinite sequence of integers à but a small program
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Solomonoff’s induction

• Look for the smallest program 
that can generate a given sequence

– Almost all induction problems can be cast as the prediction 
of a binary sequence

• Unfortunately, this is NOT computable…

– Even if it exists, it is not possible to find it in the general case
(Gödel’s theorem, stopping problem, …)

• It is possible to approximate it

Ray Solomonoff
(1926 - …)
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Minimum Description Length Principle (MDLP)

• The best hypothesis (given training data) is the one that minimize the sum of

1. The length in bits of the description of the hypothesis

2. The length in bits of the description of the data given the hypothesis

<latexit sha1_base64="r95nLah7tRISEqXjjqzOpXseJRU="></latexit>

P (h|S) =
P (h)⇥ P (S|h)

P (S)
Strong relationship with

<latexit sha1_base64="IOAcjw44zL5HgRksmDs+0xg88pY="></latexit>

h? = ArgMax
h2H

P (S | h) P (h)

<latexit sha1_base64="YTWAm1EQWLmQf5Rgm2pVTIf1kf4="></latexit>

h? = ArgMin
h2H

�
L(h) + L(S|h)
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Example: regression

• Complexity of model: 

– the degree of a polynomial (to be described up to a given precision)

• Error

– The size of the corrections wrt to the predictions

  

Example: Regression

  

Example: Regression

  

Example: Regression

  

Example: Regression

  

Example: Regression
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Minimum Description Length Principle (MDLP)

You have to define a code with which to describe the hypothesis 
and the data

     a bias (prior knowkedge)

<latexit sha1_base64="ko7w1KdLYrnpKu9wLlxng7RkmSU="></latexit>

h? = ArgMin
h2H

�
L(h) + L(Sm|h)
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• Multi-task learning

– Simultaneous learning phases

Maximizing the agreement between learners

• Transfer learning

– Successive learning phases

Maximizing the agreement (??)  between learners
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Analogy making
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Analogy in an embedding space

From [Bishop, “Deep learning: Foundations and concepts”, (2024)] p.543

17.2. Image GANs 543

Figure 17.9 Samples generated by a deep convolutional GAN trained on images of bedrooms. Each row is
generated by taking a smooth walk through latent space between randomly generated locations. We see smooth
transitions, with each image plausibly looking like a bedroom. In the bottom row, for example, we see a TV on
the wall gradually morph into a window. [From Radford, Metz, and Chintala (2015) with permission.]

Figure 17.10 An example of vector
arithmetic in the latent space of a
trained GAN. In each of the three
columns, the latent space vectors that
generated these images are averaged
and then vector arithmetic is applied
to the resulting mean vectors to cre-
ate a new vector corresponding to the
central image in the 3× 3 array on the
right. Adding noise to this vector gen-
erates another eight sample images.
The four images on the bottom row
show that the same arithmetic applied
directly in data space simply results
in a blurred image due to misalign-
ment. [From Radford, Metz, and Chin-
tala (2015) with permission.]



Copycat

• Mitchell & Hofstadter – 1993

a b c à a b d

k j i à ?

Douglas Hofstadter
(1945 – …)

a b c

a b d

i  j k

?

72
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• a b d

• i i j j k d

• i i j j k l

• i i j j k k

• ? 

a b c

a b d

i i j j k k

?



Copycat

a b c à a b d

i j k à ?

k j i à ?

c à ?

a b c d e à ?

m à ?

x y z à ?

f p c à ?

i i j j k k à ?

a a b b c c à ?

i j j k k k à ?

a b b c c c à ?

74
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a b c

a b d

a a b a b c

?
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• Learn both :

– A good representation 

• Of the source domain
• Of the target domain

– A  good  transformation rule

Domain adaptation & analogie

CS CT

x

y

x'

hx

Dictionnaires

Source Cible

CS CT

a b c a a b a b c

h
x

Dictionnaires

Source Cible

a b d

• lettre

• succ-lettre

• ...

• groupe

    (règle-construc)

• succ-groupe

• ...

??
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Copycat

• Successor and predecessor

– a → b, b → a, 1 → 2, …

• Sequence

– abcd…

• Sequence of sequences

– aaabbbccc…

• First, last, … 

• Opposite(first, last), 
Opposite(successor, predecessor), …



Various solutions

a b c à a b d Comment

i j k à i j l Replace last letter by its successor

à i j k Replace c by d

à i j d Replace last letter by d

à i j Remove last letter 
and if this a ‘c’ replace by d

à a b d Replace by a b d

à i j k l c=3, d=4, length(ijk)=3, length(ijkl)=4

à i j f Replace last letter by d if this a ‘c’ otherwise by f

78



Cornuéjols [1994 – 2020 - …]

• Minimum Description Length Principle + Copycat

– MDLp = approximation of Kolmogorov’s complexity for learning

• Analogy making:

1. Minimize the description of the known terms A:B :: C:?  (production) 
or  A:B :: C:D (evaluation)

2. Choose the smallest description
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An approach to analogy: using Kolmogorov complexity

[Cornuéjols, 1996, 1997, 1998, 2016]

xt xt+1

yt yt+1

Mt+1Mtft ft+1



81 / 92

Une formalisation

•  Kolmogorov’s Complexity 

–  Uses a dictionary (with associated description lengths)

–  Which depends on the a priori knowledge and the past experiences

[A. Cornuéjols (1996) « Analogie, principe d’économie et complexité algorithmique » ]

K(Mt) +K(xt|Mt) +K(yt|Mt) +K(Mt+1|Mt) +K(xt+1|Mt+1) +K(ft+1|Mt+1)

xt xt+1

yt

Mt+1Mtft ft+1

?
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An approach to analogy: using Kolmogorov complexity

xt xt+1

yt yt+1

Mt+1Mtft ft+1

aspects pertinents permettant de décrire les chaînes de caractères et leurs transformations
supposées (est-ce que abc => abd parce que la dernière lettre est remplacée par un d ? Ou
est-ce que la règle !S est de transformer tous les c par des d ?) ainsi que le transfert de la
source vers la cible (comment percevoir iijjkk ?, et quelle est la règle !C adéquate ?).

4.2 Théorie du domaine et longueurs de description

La théorie du domaine qui permet de décrire les différents aspects des objets du monde
inclut des primitives de représentation, ainsi que des structures de base. La table 1 ci-dessous
fournit la liste de celles que nous avons définies pour ce travail.

• Descripteurs utilisés dans la définition des structures :
- orientation (-> / <-) 1 bit
- cardinalité ou nombre d'éléments : n log2(n) + 1 bits
- type d'éléments                              (voir en-dessous)
- longueur : l log2(l) + 1 bits
- commençant ou se terminant par l'élément = x L(x) bits

• Lettre (1/2) -> 1 bit
Une lettre particulière (e.g. 'd') (1/2.26) -> 6 bits

• Chaîne (orientation,éléments) (1/8) -> 3 bits
L = 3 + L(orientation) + ! L(éléments)
e.g. L('a3bd' avec orientation = ->) = 3 + 1 + log2((1/2.26)3) + L(3)
                                     = 3 + 1 + 18 + 3 = 25 bits

• Ensemble (type d'éléments, cardinalité, éléments) (1/8) -> 3 bits
L = 3 + L(type) + L(cardinalité) + ! L(éléments)

• Groupe (type d'éléments, nombre d'éléments, éléments) (1/8) -> 3 bits
L = 3 + L(type) + L(nb él.) + ! L(éléments)

• Séquence (orientation, type d'éléments, loi de succession ou nombre
               d'éléments, longueur, commençant ou se terminant par) (1/8)

L = 3+ L(orient.) + L(type) + L(loi) or L(nb él.) + L(long) + L(début/fin)
• Description et longueur d'une loi de succession 

succ(type-of-el.,n,x) ! le nième successeur de l'élément x du type type-of-el.
L = L(type) + L(n (voir ci-dessous)) + L(x)
L(n) = L(1/6) si n=1 ou -1 (1er successeur ou prédécesseur)
       L(1/3) si n=0                (même élément)
       L((1/3).(1/2)p) sinon (avec p=n si n"O, p=-n sinon)

• Premier / Dernier (par rapport à l'orientation définie) 1 bit
• nième n bits

Table 1     : Liste des primitives de représentation et de leur longueur de description associée.

Afin de pouvoir calculer les complexités algorithmiques associées aux formules définies
dans la section 3, il est nécessaire de définir la longueur de description associée à chaque
primitive de représentation. Le choix de ces longueurs est arbitraire et doit normalement
refléter la connaissance a priori du domaine par l'agent. Il y a donc là une possibilité
d'apprentissage et de test de divers biais correspondant à des contextes ou des connaissances
différents. Certaines contraintes pèsent cependant sur ce choix. En effet, la longueur de
description L associée à un concept doit idéalement correspondre à sa probabilité a priori P,
par la formule L=-log2(P)  (Ainsi par exemple, la longueur de description du concept de
chaîne ci-dessous est de 3 bits car sa probabilité a priori est estimée à 1/8). Il est alors
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xt xt+1

yt yt+1

Mt+1Mtft ft+1

[Cornuéjols, 1996, 1997, 1998, 2016]
impératif de respecter les contraintes du calcul des probabilités, c'est-à-dire en particulier que
la somme des probabilités d'événements exhaustifs et mutuellement exclusifs égale 1.

Ainsi l'objet 'abc' pourrait être représenté par :
'abc' ! Chaîne (1/8)

orientation : -> (1/2)

1er='A', 2ème='B', 3ème='C' (1/4.26)3

TOTAL (longueur)  :   21 bits

ou bien par:
'abc' ! Ensemble (1/8)

{'A', 'B', 'C'} (1/4.26)3

TOTAL  :   20 bits

ou encore par:
'abc' ! Séquence (1/8)

orientation : -> (1/2)

type d'éléments = lettres (1/2)

loi de succession :

successeur(élt(lettre=x)) = élt(succ(lettre,1,x))

   L(lettre) + L(1er succ) + L(x) = L(1/2 . 1/6 . 1)

= l(1/12) = 4 bits

longueur = 3 3 bits

commençant avec l'élément(lettre='A') (1/26)

TOTAL :   17 bits

Dans cet exemple, la dernière représentation est la plus économique alors même qu'elle
décrit plus complètement la structure de 'abc' que par exemple la seconde description qui n'en
retient que la perception d'un ensemble des trois lettres 'a', 'b' et 'c'.

4.3 Expériences

Les expériences réalisées manuellement ont consisté à prendre une série de tests avec
différentes solutions exposées dans [Mitchell,93], ainsi que d'autres, et à calculer pour chaque
problème et chaque solution proposée les valeurs de complexité algorithmique des formules
(1) et (2) de la section 3. L'espace limité ne permet ni de fournir la liste exhaustive des essais
réalisés, ni de donner le détail des calculs (se reporter à [Cornuéjols, 96, en préparation],
[Khedoucci,94]).

Brièvement, la méthode est la suivante. Pour chaque problème (ex: abc  =>  abd ;
iijjkk  =>  ?) et pour chaque solution proposée (ex: iijjkk  => iijjll), la perception,
et donc la description, associée sont conjecturées. Ainsi, par exemple, le modèle MS ci-
dessous correspond à la perception de l'objet  'abc' comme une séquence avec une loi de
succession spécifique. Pour chacune des descriptions ainsi définies, les longueurs de
description associées, suivant les formules (1) et (2) sont calculées. On peut alors comparer la
valeur de chaque solution suivant les mesures définies en section 3.

impératif de respecter les contraintes du calcul des probabilités, c'est-à-dire en particulier que
la somme des probabilités d'événements exhaustifs et mutuellement exclusifs égale 1.

Ainsi l'objet 'abc' pourrait être représenté par :
'abc' ! Chaîne (1/8)

orientation : -> (1/2)

1er='A', 2ème='B', 3ème='C' (1/4.26)3

TOTAL (longueur)  :   21 bits

ou bien par:
'abc' ! Ensemble (1/8)

{'A', 'B', 'C'} (1/4.26)3

TOTAL  :   20 bits

ou encore par:
'abc' ! Séquence (1/8)

orientation : -> (1/2)

type d'éléments = lettres (1/2)

loi de succession :

successeur(élt(lettre=x)) = élt(succ(lettre,1,x))

   L(lettre) + L(1er succ) + L(x) = L(1/2 . 1/6 . 1)

= l(1/12) = 4 bits

longueur = 3 3 bits

commençant avec l'élément(lettre='A') (1/26)

TOTAL :   17 bits

Dans cet exemple, la dernière représentation est la plus économique alors même qu'elle
décrit plus complètement la structure de 'abc' que par exemple la seconde description qui n'en
retient que la perception d'un ensemble des trois lettres 'a', 'b' et 'c'.

4.3 Expériences

Les expériences réalisées manuellement ont consisté à prendre une série de tests avec
différentes solutions exposées dans [Mitchell,93], ainsi que d'autres, et à calculer pour chaque
problème et chaque solution proposée les valeurs de complexité algorithmique des formules
(1) et (2) de la section 3. L'espace limité ne permet ni de fournir la liste exhaustive des essais
réalisés, ni de donner le détail des calculs (se reporter à [Cornuéjols, 96, en préparation],
[Khedoucci,94]).

Brièvement, la méthode est la suivante. Pour chaque problème (ex: abc  =>  abd ;
iijjkk  =>  ?) et pour chaque solution proposée (ex: iijjkk  => iijjll), la perception,
et donc la description, associée sont conjecturées. Ainsi, par exemple, le modèle MS ci-
dessous correspond à la perception de l'objet  'abc' comme une séquence avec une loi de
succession spécifique. Pour chacune des descriptions ainsi définies, les longueurs de
description associées, suivant les formules (1) et (2) sont calculées. On peut alors comparer la
valeur de chaque solution suivant les mesures définies en section 3.

impératif de respecter les contraintes du calcul des probabilités, c'est-à-dire en particulier que
la somme des probabilités d'événements exhaustifs et mutuellement exclusifs égale 1.

Ainsi l'objet 'abc' pourrait être représenté par :
'abc' ! Chaîne (1/8)

orientation : -> (1/2)

1er='A', 2ème='B', 3ème='C' (1/4.26)3

TOTAL (longueur)  :   21 bits

ou bien par:
'abc' ! Ensemble (1/8)

{'A', 'B', 'C'} (1/4.26)3

TOTAL  :   20 bits

ou encore par:
'abc' ! Séquence (1/8)

orientation : -> (1/2)

type d'éléments = lettres (1/2)

loi de succession :

successeur(élt(lettre=x)) = élt(succ(lettre,1,x))

   L(lettre) + L(1er succ) + L(x) = L(1/2 . 1/6 . 1)

= l(1/12) = 4 bits

longueur = 3 3 bits

commençant avec l'élément(lettre='A') (1/26)

TOTAL :   17 bits

Dans cet exemple, la dernière représentation est la plus économique alors même qu'elle
décrit plus complètement la structure de 'abc' que par exemple la seconde description qui n'en
retient que la perception d'un ensemble des trois lettres 'a', 'b' et 'c'.

4.3 Expériences

Les expériences réalisées manuellement ont consisté à prendre une série de tests avec
différentes solutions exposées dans [Mitchell,93], ainsi que d'autres, et à calculer pour chaque
problème et chaque solution proposée les valeurs de complexité algorithmique des formules
(1) et (2) de la section 3. L'espace limité ne permet ni de fournir la liste exhaustive des essais
réalisés, ni de donner le détail des calculs (se reporter à [Cornuéjols, 96, en préparation],
[Khedoucci,94]).

Brièvement, la méthode est la suivante. Pour chaque problème (ex: abc  =>  abd ;
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MS ! Séquence 3

orientation : -> 1
type d'éléments = lettres 1
loi de succession :
  succes.(élt(lettre=x) = élt(succ(lettre,1,x)) 4

Dernier 1
TOTAL :   10 bits

Problème 1 : abc  =>  abd ; iijjkk  =>  ?
Solution 1 : "Remplacer groupe de droite par son successeur" iijjkk  =>  iijjll
Solution 2 : "Remplacer lettre de droite par son successeur" iijjkk  =>  iijjkl
Solution 3 : "Remplacer lettre de droite par D" iijjkk  =>  iijjkd
Solution 4 : "Remplacer 3ème lettre par son successeur" iijjkk  =>  iikjkk
Solution 5 : "Remplacer les C par D" iijjkk  =>  iijjkk
Solution 6 : "Remplacer groupe de droite par la lettre D" iijjkk  =>  iijjd

P1;S1 P1;S2 P1;S3 P1;S4 P1;S5 P1;S6
L(MS) 10 9 11 11 12 11
L(SS|MS) 8 18 18 18 22 15
L(!S|MS) 4 4 3 7 8 3
L(MC|MS) 5 0 0 0 0 17
L(SC|MC) 8 36 36 36 42 15
L(!C|MC) 6 4 3 7 8 3

Total-1 (bits) 41 71 71 79 93 65
Total-2 (bits) 35 67 68 72 85 62
Rang 1 3 4 4 6 2
Coût  (bits) 19 13 14 18 20 31
Rang 5 1 2 3 4 6

Table 2     : Les complexités associées aux formules (1) et (2) pour chaque solution du problème 1 sont reportées
ici. On notera que, pour ce problème, les deux formules conduisent au même classement, et que l'analogie la
meilleure, selon le principe d'économie défini, correspond à la solution 1, ce qui est confirmé par des
expériences sur des sujets humains auxquels on demande de classer les solutions ci-dessus. La sous-table sur les
"coûts" est expliquée dans la section 5.

Les résultats obtenus sur ces exemples montrent d'une part que le deuxième volet de
l'hypothèse analogique _la coïncidence des optima des formules (1) et (2)_ semble justifié
dans de nombreux cas, au moins dans les cas simples étudiés ici. D'autre part, le classement
des différentes solutions semble correspondre, au moins intuitivement, au classement
privilégié par les sujets humains lorsqu'il leur est demandé d'évaluer la qualité des analogies
(voir [Khedoucci,94],[Mitchell,93]). Cependant, en dehors des critères normatifs tels que
ceux proposés dans ce papier pour définir leur qualité, l'évaluation des analogies est de nature
subjective et mérite d'être étudiée de plus près.
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Copycat + MDLp

a b c à a b d Length in bits

i i j j k k à i i j j l l 35

i i j j k k à i i j j k l 67

i i j j k k à i i j j k d 68

i i j j k k à i i k j k k 72

i i j j k k à i i j j k k 85

i i j j k k à i i j j d 62

85
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Ainsi l'objet 'abc' pourrait être représenté par :
'abc' ≡ Chaîne (1/8)

orientation : -> (1/2)

1er='A', 2ème='B', 3ème='C' (1/4.26)3

TOTAL (longueur)  :   21 bits

ou bien par:
'abc' ≡ Ensemble (1/8)

{'A', 'B', 'C'} (1/4.26)3

TOTAL  :   20 bits

ou encore par:
'abc' ≡ Séquence (1/8)

orientation : -> (1/2)

type d'éléments = lettres (1/2)

loi de succession :

successeur(élt(lettre=x)) = élt(succ(lettre,1,x))

   L(lettre) + L(1er succ) + L(x) = L(1/2 . 1/6 . 1)

= l(1/12) = 4 bits
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commençant avec l'élément(lettre='A') (1/26)

TOTAL :   17 bits

Dans cet exemple, la dernière représentation est la plus économique alors même qu'elle
décrit plus complètement la structure de 'abc' que par exemple la seconde description qui n'en
retient que la perception d'un ensemble des trois lettres 'a', 'b' et 'c'.

4.3 Expériences

Les expériences réalisées manuellement ont consisté à prendre une série de tests avec
différentes solutions exposées dans [Mitchell,93], ainsi que d'autres, et à calculer pour chaque
problème et chaque solution proposée les valeurs de complexité algorithmique des formules
(1) et (2) de la section 3. L'espace limité ne permet ni de fournir la liste exhaustive des essais
réalisés, ni de donner le détail des calculs (se reporter à [Cornuéjols, 96, en préparation],
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Brièvement, la méthode est la suivante. Pour chaque problème (ex: abc  =>  abd ;
iijjkk  =>  ?) et pour chaque solution proposée (ex: iijjkk  => iijjll), la perception,
et donc la description, associée sont conjecturées. Ainsi, par exemple, le modèle MS ci-
dessous correspond à la perception de l'objet  'abc' comme une séquence avec une loi de
succession spécifique. Pour chacune des descriptions ainsi définies, les longueurs de
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valeur de chaque solution suivant les mesures définies en section 3.
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réalisés, ni de donner le détail des calculs (se reporter à [Cornuéjols, 96, en préparation],
[Khedoucci,94]).

Brièvement, la méthode est la suivante. Pour chaque problème (ex: abc  =>  abd ;
iijjkk  =>  ?) et pour chaque solution proposée (ex: iijjkk  => iijjll), la perception,
et donc la description, associée sont conjecturées. Ainsi, par exemple, le modèle MS ci-
dessous correspond à la perception de l'objet  'abc' comme une séquence avec une loi de
succession spécifique. Pour chacune des descriptions ainsi définies, les longueurs de
description associées, suivant les formules (1) et (2) sont calculées. On peut alors comparer la
valeur de chaque solution suivant les mesures définies en section 3.

a b c

a b d

a a b a b c

?



87 / 92

Analogy making and MDLP

• Application to language analogies: how to end words 
(conjugations, plurals, …)

Murena, P. A., Al-Ghossein, M., Dessalles, J. L., & Cornuéjols, A. (2020). Solving Analogies on 
Words based on Minimal Complexity Transformation. In IJCAI (pp. 1848-1854).

The most important property of our language is that it can
generate any possible string on the alphabet A, and conse-
quently any possible analogy, be it valid or invalid. However,
despite this complete description ability, the language is triv-
ially not Turing-complete: This can be verified by consider-
ing that the halting problem can be solved for it.

4.2 Some Examples
As an illustration, we now propose some examples of instruc-
tions that generate language analogies.

apte : inapte :: élu : x x = inélu (Prefixation)
let,?0,:,‘i’,‘n’,?0,let,mem,0,‘apte’,::,mem,0,‘élu’

átír : átírunk :: kitart : x x = kitartunk (Suffixation)
let,?0,:,?0,’u’,‘n’,‘k’,let,mem,0,‘átír’,::,mem,0,‘kitart’
pati : patti :: olo : x x = olto (Insertion)
let,?0,?1,:,?0,‘t’,?1,let,mem,0,‘pa’,‘ti’,::,mem,0,‘ol’,‘o’

pria : pria-pria :: keju : x x = keju-keju (Repetition)
let,?0,:,?0,‘-’,?0,let,mem,0,‘pria’,::,mem,0,‘keju’

vantut : vanttu :: autopilotit : x x = autopilotti (Reduplication)
let,?0,?1,’t’,:,?0,‘t’,?1,let,mem,0,‘van’,‘tu’,::,mem,0,‘autopilot’,‘i’

Figure 1: Results found by our approach for different types of trans-
formations. We also provide the instruction chosen by our program.

In Figure 1, we present some analogical equations of var-
ious natures which are successfully solved by our algorithm,
and give for each of them the corresponding instruction in the
proposed language. For instance, the code of the first example
(“apte : inapte :: élu : inélu”) reads as follows: The content of
the let environment describes the domain by coding for the
two terms, the base word (the variable ?0) and its prefixed
version (prefix “in” followed by the variable). The remain-
der of the instruction aims to apply the rule to two possible
words: “apte” and “élu”.

4.3 Binary Coding of Instructions
In order to define the p.r. function φ, we must define a map-
ping B∗ → B∗. In our context, two codes (hence two map-
pings from a given alphabet to B∗) have to be made explicit:
the code of the alphabet Ā and the code of the programs p (ie.
the arguments of function φ).

In the context of this work, the code CĀ : Ā → B∗ of the
alphabet Ā can be arbitrarily chosen with the constraint that
it is uniquely decodable (which means that for each concate-
nation x1 . . . xn and y1 . . . yn, the produced binary strings
are distinct: CĀ(x1) . . . CĀ(xn) "= CĀ(y1) . . . CĀ(yn)). This
choice has no impact on our method since complexity mea-
sures the programs’ length and not the outputs’ length.

In order to propose a code for the instructions, we use the
language described above. We propose a code for the cor-
responding alphabet, as described in Table 1. By construc-
tion, the proposed code is prefix (which means that no code-
word is the prefix of another codeword), and consequently it
is uniquely decodable.

The choice of this code is an ad-hoc choice that can be
considered as the parameter of our method. In particular, it is
clear that the result of the analogy equations will depend on

gr 00 A 111
mem, n 01n+20 let 010

: 100 :: 101
?n 1101n0

Table 1: Binary code chosen for the proposed language. Bold values
correspond to codewords in the chosen code. The notation 1n stands
for a 1 repeated n times.

the choice of the code. The solution proposed in Table 1 is
motivated by several ideas.

A fundamental remark is that instruction words with small
description length will tend to be chosen more often than
words with larger description length. This might affect in par-
ticular the use of memory: if the memory instructions are too
costly, the optimal instructions will not use memory and will
prefer spelling the analogy directly. For this reason, all let-
ters have the same complexity: This choice is crucial since it
gives equal weight to any choice of letter and does not bias the
choice of an optimal solution toward instructions that would
be imbalanced in terms of displayed letters.

Since the number of variables in let parts is a priori un-
bounded, we propose to code all of them with a common pre-
fix 110. For variable ?n, this prefix is followed by n times
0 and a final 1. For instance, the instruction word ?2 will
be coded by 110110. This choice has two advantages: First,
it makes the code uniquely decodable and guarantees that an
arbitrary number of variables can be used. Secondly, it adds
a penalty for using too many variables by adding one bit for
each new variable added. This prevents from having too com-
plex instructions in a let. The same idea is applied to the
memory calls mem,n, with the prefix 011.

Since the code is uniquely decodable, each binary sequence
p ∈ B∗ corresponds to at most one instruction in our lan-
guage. We define function φ such that φ(p) is equal to the
output of the corresponding instruction if p can be decoded
into a valid instruction, and φ(p) = ∞ otherwise.

Since our language allows one to describe each word x ∈
Ā∗ letter by letter, the following proposition holds true:
Proposition 1. For each word x ∈ Ā∗, there exists p ∈ B∗

such that x = φ(p).

5 Two Algorithmic Approaches
In this section, we present the algorithm we used to solve the
analogy equations by minimizing complexity.

5.1 First Approach: Global Minimization
The most generic complexity minimization method in a gen-
eral context would consist in considering that the chosen so-
lution for the analogy equation a : b :: c : x is:

x∗ = argmin
x

K(a : b :: c : x) (1)

where K(.) is the approximation of Kolmogorov complex-
ity as presented in the previous section. This minimization
problem alone gives poor results though, because it includes
no restriction on the targeted solution: For many analogies,
the obtained solution would be empty with this minimization
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Language #analogies NLG COMP NLG PROP NLG ALEA
Arabic 165,113 87.18% 93.33% 81.91%
Finnish 313,011 93.69% 92.76% 78.75%
Georgian 3,066,273 99.35% 97.54% 88.42%
German 730,427 98.84% 96.21% 95.42%
Hungarian 2,912,310 95.71% 92.61% 86.02%
Maltese 28,365 96.38% 84.72% 91.84%
Navajo 321,473 81.21% 86.87% 78.95%
Russian 552,423 96.41% 97.26% 95.46%
Spanish 845,996 96.73% 96.13% 94.42%
Turkish 245,721 89.45% 69.97% 70.06%
Total 9,181,112 96.41% 94.34% 87.93%

Table 2: Proportion of correct answers when solving analogies from
the dataset SIGMORPHON’16 using our method NLG COMP and two
state-of-the-art methods NLG PROP [Fam and Lepage, 2018] and
NLG ALEA [Langlais et al., 2009].

We now evaluate our approach on a large dataset of analo-
gies. We base our work on one of the largest datasets avail-
able for solving analogies on words that we denote by SIG-
MORPHON’16 and that is presented in [Lepage, 2017]. This
dataset is from the Track 1 Task 1 of SIGMORPHON 2016
Shared Task 2. Analogies were extracted from the original
dataset proposed in the context of the Shared Task. The data
includes ten languages (Table 2). As mentioned in [Cotterell
et al., 2018], considering these different languages covers a
variety of structures such as prefixes and consonant harmony
in Navajo, suffixes in Turkish, templatic morphology in Ara-
bic, and vowel harmony in Hungarian and Finnish.

The original dataset 3 contains around 65M analogy ques-
tions. It includes four questions for each original analogy,
where each of the analogy’s terms becomes the answer for
each question. We select one analogy for each set of four
questions and keep unique analogies by removing duplicate
questions. We thus obtain a dataset of around 9M analogies.

To assess the performance of our approach, we compare it
to the two state-of-the-art methods used for solving analogies
on words and based on proportional analogy: NLG PROP [Fam
and Lepage, 2018] and NLG ALEA [Langlais et al., 2009]. Re-
sults are presented, separately for each language, in Table 2.

The results show that our approach, NLG COMP, outper-
forms NLG PROP and NLG ALEA on the whole set of analo-
gies considered. Looking at the results obtained per lan-
guage, NLG COMP outperforms NLG PROP for Finnish, Geor-
gian, German, Hungarian, Maltese, Spanish, and Turkish,
but performs worse than NLG PROP for Arabic, Navajo, and
Russian. While NLG COMP outperforms NLG ALEA on all lan-
guages, NLG PROP performs better than NLG ALEA except for
Maltese and Turkish. We note that the different languages
are not equally represented in the original dataset SIGMOR-
PHON’16. It is worth mentioning that applying NLG ALEA
usually generates several candidate solutions, but we consider
here the most frequent solution given our setting.

General cases of transformations on which our ap-
proach cannot perform well include irregularities

2http://ryancotterell.github.io/sigmorphon2016/
3http://lepage-lab.ips.waseda.ac.jp/en/projects/kakenhi-

15k00317/

(work:worked::go:went), transformations of the radical
(tori:torilla::katu:kadulla) or conditional changes (rules con-
ditional to the radical of the word) such as vowel harmony
(hat:hatban::egy::egyben). While these cases cannot either be
solved by state-of-the-art methods, some other transforma-
tions that can be solved by NLG COMP but not by NLG PROP
and NLG ALEA are not included in SIGMORPHON’16 (see for
example the repetition transformation in Figure 1).

We also compared our approach to word embedding tech-
niques. For this purpose, we used pre-trained word embed-
dings [Grave et al., 2018]. We could observe a very poor
performance, with a proportion of correct answers ranging
from about 17% (for German) to less than 0.1% (for Maltese).
These results were expected: Not only the four words of the
analogy have to be present in the corpus on which the embed-
dings have been trained, but also in a statistically significant
proportion so that correct information can be acquired. This
is obviously not the case for most forms. These results tend
to indicate that using word embeddings is more effective to
solve semantic analogies than grammatical analogies.

To conclude, we point out a major advantage of our solu-
tion, which is its interpretability. The output of the algorithm
is not only the inferred fourth term of the analogy, but also
the description that justifies this choice. Such a description
could be exploited by an agent to explain its results to a user.

7 Conclusion
In this paper, we presented a novel algorithm for solving mor-
phological analogies on words. This approach differs from
most state-of-the-art methods in the fact that it does not obey
the axioms of analogical proportion. It follows a principle of
complexity minimization where complexity has to be under-
stood as the length of the shortest description of the analogy.
Although the idea of using complexity as a tool for solving
analogical equations has already been mentioned, our paper
is the first one to actually present an algorithm able to solve
this problem and to validate this assumption on large datasets.

Our algorithm explores a very large space of programs in
order to determine the minimal instruction that generates a
correct analogy. In order to bypass the difficulty of the task,
we focus on instructions of a grammatically plausible form.
We could validate our method on the benchmark dataset SIG-
MORPHON’16 on which we obtain competitive results. In
addition, our algorithms yields a description of its answer,
which is a major difference with existing methods in terms of
interpretability and explainability.

In this paper, we considered that each target is associated
with one source, which reduces the problem to finding the
fourth term of the analogy. To be more realistic, the source
should be found by the agent in a list of already known forms,
such as in case-based reasoning. This issue should pave the
way to more realistic models for language acquisition.
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