
Antoine Cornuéjols

AgroParisTech

Ensemble methods: 

boosting, bagging, random forests 

…



Boosting   2

n Trouver une meilleure solution 

en combinant des solutions « faibles »

Méthodes « d’ensemble »



Boosting   3

Les questions

1. Quels agents ?

2. Que doivent-ils échanger entre eux si processus itératif ?

3. Comment combiner leurs avis ?

4. Quelles conditions de convergence ?

5. Et si convergence, vers quoi ?
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Ce n’est pas nouveau
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Motivation

n « The wisdom of crowd »

[James Surowiecki, 2004]

– Estimation du poids d’un panier dans un marché 
787 participants 

• Le meilleur = plus d’un centième d’erreur

• Moyenne : moins d’un millième d’erreur

 [Francis Galton1, 1906 (85 ans)]

1 anthropologue, explorateur, géographe, inventeur, météorologue, proto-généticien, 
   psychométricien et statisticien
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Pourquoi / comment  ça marche

n « Experts faibles »

Estimations « bruitées »

–Non biaisées

–Symétriques

–Indépendantes 

Combinaison simple :
la moyenne
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Plan

1.  Méthodes d’ensemble

2.  Le boosting

3.  Le boosting : pourquoi ça marche

4.  Le bagging

5.  Les forêts aléatoires

6.  XGBoost : le boosting d’arbres  

7.  Vers d’autre méthodes d’ensemble ?
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Ensemble methods
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Schéma général : apprentissage

Apprentissage : h1

Apprentissage : h2

Apprentissage : h3

Apprentissage : hN

H = combine(h1, h2, ..., hN)

Échantillon 
d'apprentissage
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Justifications intuitives

•      Dietterich T. (2000) « Ensemble Methods in Machine Learning ». Proc. 1st Int. Workshop on 
Multiple Classifier Systems, Sardinia, Italy, 2000.
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Succès applicatifs

n KDD-Cup
– Network intrusion detection (1999) ; molecular bioactivity & protein locale 

prediction (2001) ; (…) pulmonary embolisme detection (2006) ; customer 
relationship management (2009) ; educational data mining (2010) ; music 
recommandation (2011) ; … 

– Tous les 1er prix et 2ème prix pour les méthodes d’ensemble (2009-
2011 - ???)

n Netflix prize
– Improve accuracy about how much someone is going to enjoy a 

movie based on their preference

– 1 000 000 $ for a new algorithm improving on Netflix’one by more than 10%

– Winner in 2009 for an ensemble method
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Plan

1.  Méthodes d’ensemble

2.  Le boosting

3.  Le boosting : pourquoi ça marche

4.  Le bagging

5.  Les forêts aléatoires

6.  XGBoost : le boosting d’arbres  

7.  Vers d’autre méthodes d’ensemble ?
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Boosting
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n Soit X un espace d’entrée à 10 dimensions

n Les attributs sont indépendants et de distribution gaussienne

n Le concept cible est défini par :

n 2000 exemples d’apprentissage (1000+;1000-)

n 10000 exemples de test

n Apprentissage d’arbres de décision

Illustration

u  =  
   1     si  xj

2  >  χ1 0
2 (0,5)

j=1,1 0∑
−1     sinon                              

⎧ 
⎨ 
⎩ 

χ1 0
2 (0, 5) =  9, 34avec :
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Illustration
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Arbre à un noeud

Arbre à 400 noeuds

Arbres à un nœud avec boosting
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Performances du boosting
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Exemple simple

n Quel est le meilleur séparateur linéaire ?
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Exemple simple

n Taux d’erreur = 5/20 = 0.25
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Exemple simple

n Taux d’erreur (h1) = 5/20 = 0.25

Et si je pouvais combiner avec un autre 
séparateur linéaire ?

 Ou même plusieurs autres !
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Exemple simple

Et si je pouvais combiner avec un autre séparateur 
linéaire ?  Ou même plusieurs autres !

Par exemple en utilisant un vote pondéré :

H(x) = sign

{ l
∑

i=1

αi hi(x)

}
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Exemple simple

H(x) = sign{ 0.549 h1(x) + 0.347 h2(x) + 

       0.310 h3(x) + 0.406 h4(x) + 0.503 h5(x) }
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Exemple simple

H(x) =sign{ 0.549 h1(x) + 0.347 h2(x) + 0.310 h3(x) + 0.406 h4(x) 

            + 0.503 h5(x) }

n Comment arriver à ce genre de combinaison ?

Algorithme du boosting
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The boosting algorithm
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Une question théorique

n Apprentissage « fort » (PAC learning)
– Une classe de fonctions F est apprenable (au sens fort) si il existe un algorithme 

d’apprentissage A qui pour toute distribution DX sur X, et pour toute fonction f 
dans F est tel que : 

n Apprentissage « g faible »
– Une classe de fonctions F est apprenable (au sens faible) si, pour g > 0, il existe 

un algorithme d’apprentissage A qui pour toute distribution DX sur X, et pour 
toute fonction f dans F  est tel que : 

n Sont-ils de nature différente ?
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Comment engendrer les apprenants

n Une recette historique
Sm

Sm

Sm1

h1

SCHAPIRE, Robert E. The strength of weak learnability. Machine learning, 1990, vol. 5, p. 197-227.
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Sm

Sm1

h1 h2

Sm2

Comment engendrer les apprenants

n Une recette historique
Sm
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Sm

Sm1

h1 h2

Sm2
Sm3

h3

Comment engendrer les apprenants

n Une recette historique
Sm

H(x) = sign

(

h1(x) + h2(x) + h3(x)

)
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Questions 

n Comment engendrer des apprenants faibles décorrélés ?

n Comment combiner leurs prédictions ?
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Comment engendrer les apprenants  (suite)

n Modifier l’échantillon d’apprentissage à chaque étape

– En diminuant l’importance des exemples bien classés

– En augmentant --------------------------------- mal --------

– De combien ?
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Boosting

n boosting = méthode générale pour convertir des règles de 
prédiction peu performantes en une règle de prédiction (très) 
performante

n Plus précisément :

– Étant donné un algorithme d’apprentissage “faible” qui peut toujours
retourner une hypothèse de taux d’erreur £ 1/2-g

– Un algorithme de boosting peut construire (de manière prouvée) une
règle de décision (hypothèse) de taux d’erreur £ e
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Schéma général : apprentissage

Apprentissage : h1

Apprentissage : h2

Apprentissage : h3

Apprentissage : hN

H = combine(h1, h2, ..., hN)

Échantillon 
d'apprentissage
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Questions

n Comment choisir les courses à chaque étape?
å Se concentrer sur les courses les plus “difficiles”

(celles sur lesquelles les heuristiques précédentes sont les moins 
performantes)

n Comment combiner les heuristiques (règles de prédiction) en 
une seule règle de prédiction ?
å Prendre une vote (pondéré) majoritaire de ces règles
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n Étant donné l’échantillon d’apprentissage S = {(x1,y1),…,(xm,ym)}
n yiÎ{-1,+1} étiquette de  l’exemple xiÎ S

n Pour t = 1,…,T:
Construire la distribution Dt sur {1,…,m}

Trouver l’hypothèse faible (“heuristique”)

ht : S® {-1,+1}

avec erreur petite et sur Dt:

n Retourner l’hypothèse finale hfinal

Boosting : vue formelle

])([Pr iitDt yxh
t

≠=ε
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Schéma général : prédiction

h1(x)

x

h2(x)

h3(x)

hN(x)

H(x) =
N∑

i=1

wi hi(x)
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Le principe général

X h0D0

X h1D1

X h2D2

X hTDT

Hfinale(x) =  sgn   αt  . ht(x)
t= 0

T

∑⎡ 
⎣ ⎢ 

⎤ 

⎦ ⎥ 

n Comment passer de Dt à Dt+1 ?

n Comment calculer la pondération at ?
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AdaBoost [Freund&Schapire ’97]

n construire Dt:

Étant donnée Dt et ht:

où: Zt = constante de normalisation

n Hypothèse finale :

))(exp( itit
t

t xhy
Z
D

⋅⋅−⋅= α
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FREUND, Yoav, SCHAPIRE, Robert E., et al. Experiments with a new boosting algorithm. In : icml. 
1996. p. 148-156.
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AdaBoost en plus gros
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Exemple simple

n Taux d’erreur = 5/20 = 0.25

αi =
1

2
ln

1 − ε

ε

=
1

2
ln

0.75

0.25
= 0.549
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Exemple simple
n Nouvelle pondération des exemples d’apprentissage

n Exemples bien classés

n Exemples mal classés

pb(x) =
e−α

Z
=

e−0.549

Z
=

0.577

Z

pm(x) =
eα

Z
=

e0.549

Z
=

1.732

Z

Z =
(15 × 0.577) + (5 × 1.732)

20
=

8.660 + 8.660

20
=

17.32

20
= 0.866

pb(x) = 0.666 = 2/3 pm(x) = 2
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Exemple simple
n Nouvelle pondération des exemples d’apprentissage

n Exemples bien classés

n Exemples mal classés

pb(x) =
1

2 (1 − ε)
=

1

2 × 0.75
=

1

1.5
=

2

3

pm(x) =
1

2 ε
=

1

2 × 0.25
=

1

0.5
= 2

Z = 2 ε
1/2 (1 − ε)1/2
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Exemple simple

n Taux d’erreur : 

α2 =
1

2
ln

1 − ε2

ε2

=
1

2
ln

2/3

1/3
= 0.347

ε2 =
10 × 2/3

20
=

1

3

n Sous-pondération 
des bien classés : 

n Sur-pondération 
des mal classés : 

pb(x) =
1

2 (1 − ε)
=

1

2 × 2/3
=

3

4
= 0.75

pm(x) =
1

2 ε
=

1

2 × 1/3
=

3

2
= 1.5
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Exemple simple

n Sous-pondération 
des bien classés : 

n Sur-pondération 
des mal classés : 

pb(x) =
1

2 (1 − ε)
=

1

2 × 2/3
=

3

4
= 0.75

pm(x) =
1

2 ε
=

1

2 × 1/3
=

3

2
= 1.5
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Exemple simple

n Taux d’erreur : 

n Sous-pondération 
des bien classés : 

n Sur-pondération 
des mal classés : 

ε3 =
(5 × 1/2) + (3 × 1.5)

20
=

7

20
= 0.35

α3 =
1

2
ln

1 − ε2

ε2

=
1

2
ln

0.65

0.35
= 0.310

pb(x) =
1

2 (1 − ε)
=

1

2 × 0.65
=

1

1.3
= 0.769

pm(x) =
1

2 ε
=

1

2 × 0.35
=

1

0.7
= 1.429
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Exemple simple

n Sous-pondération 
des bien classés : 

n Sur-pondération 
des mal classés : 

pb(x) =
1

2 (1 − ε)
=

1

2 × 0.65
=

1

1.3
= 0.769

pm(x) =
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2 ε
=

1

2 × 0.35
=
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Exemple jouet
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Étape 1
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Étape 2
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Étape 3
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Hypothèse finale
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Autre illustration du boosting sur jeu de données

4

96 Chapter 4 · Decision Trees

. Tab. 4.5 The watermelon data set 3.0α

ID density sugar ripe

1 0.697 0.460 true
2 0.774 0.376 true
3 0.634 0.264 true
4 0.608 0.318 true
5 0.556 0.215 true
6 0.403 0.237 true
7 0.481 0.149 true
8 0.437 0.211 true

9 0.666 0.091 false
10 0.243 0.267 false
11 0.245 0.057 false
12 0.343 0.099 false
13 0.639 0.161 false
14 0.657 0.198 false
15 0.360 0.370 false
16 0.593 0.042 false
17 0.719 0.103 false

Fig. 4.9 The decision tree generated from. Table 4.5

For example, . Figure 4.9 shows the decision tree trained
on the watermelon data set 3.0α in. Table 4.5, and the corre-
sponding decision boundaries are shown in . Figure 4.10.

The watermelon data set 3.0α is
a copy of the watermelon data
set 3.0 excluding discrete
features.

From . Figure 4.10, we can observe that every segment
is parallel to the axis. Since every segment corresponds to
a specific value of a feature, such decision boundaries make
the learning outcome easy to interpret. In practice, the deci-
sion boundaries often need many segments for good approxi-
mations, e.g., . Figure 4.11. However, such complex decision
trees are often slow to make predictions since they contain
many feature tests.

4.5 Multivariate Decision Trees
97 4

Fig. 4.10 The decision boundaries of the decision tree in. Figure 4.9

Fig. 4.11 The piecewise approximation of complex decision boundaries

If we can make the decision boundaries oblique, as shown
by the red line in. Figure 4.11, then thedecision treemodel can
be significantly simplified. Multivariate decision tree enables

Also known as oblique decision
tree.

oblique partitions or even more complicated decision bound-
aries.With oblique boundaries, each non-leaf node is no longer
a test for a particular feature but a linear combination of
features. In other words, each non-leaf node is a linear clas-
sifier in the form of

∑d
i=1 wiaa = t, where wi is the weight of

Apprentissage par 
arbre de décisions
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Autre illustration du boosting sur jeu de données
8.3 Bagging and Random Forest

189 8

Fig. 8.3 AdaBoost on the watermelon data set 3.0α with ensemble sizes 3, 5,
and 11. The decision boundaries of the ensemble and base learners are shown
in red and black, respectively

8.3 Bagging and Random Forest

From Sect. 8.1, we know that the generalization ability of
an ensemble depends on the independence of base learners.
Though strict independence is not possible in practice, we can
still make the learners as different as possible. One way of cre-
ating different base learners is to partition the original training
set into several non-overlapped subsets and use each subset to
train a base learner. Because the training subsets are differ-
ent, the trained base learners are likely to be different as well.
However, if the subsets are totally different, then it implies that
each subset contains only a small portion of the original train-
ing set, possibly leading to poor base learners. Since a good
ensemble requires each base learner to be reasonably good,
we often allow the subsets to overlap such that each of them
contains sufficient samples.

8.3 Bagging and Random Forest
189 8

Fig. 8.3 AdaBoost on the watermelon data set 3.0α with ensemble sizes 3, 5,
and 11. The decision boundaries of the ensemble and base learners are shown
in red and black, respectively

8.3 Bagging and Random Forest

From Sect. 8.1, we know that the generalization ability of
an ensemble depends on the independence of base learners.
Though strict independence is not possible in practice, we can
still make the learners as different as possible. One way of cre-
ating different base learners is to partition the original training
set into several non-overlapped subsets and use each subset to
train a base learner. Because the training subsets are differ-
ent, the trained base learners are likely to be different as well.
However, if the subsets are totally different, then it implies that
each subset contains only a small portion of the original train-
ing set, possibly leading to poor base learners. Since a good
ensemble requires each base learner to be reasonably good,
we often allow the subsets to overlap such that each of them
contains sufficient samples.

From [Zhi-Hua ZHOU « Machine Learning ». Springer, 2021]

Here “base learner” =  decision stump

4.5 Multivariate Decision Trees
97 4

Fig. 4.10 The decision boundaries of the decision tree in. Figure 4.9

Fig. 4.11 The piecewise approximation of complex decision boundaries

If we can make the decision boundaries oblique, as shown
by the red line in. Figure 4.11, then thedecision treemodel can
be significantly simplified. Multivariate decision tree enables

Also known as oblique decision
tree.

oblique partitions or even more complicated decision bound-
aries.With oblique boundaries, each non-leaf node is no longer
a test for a particular feature but a linear combination of
features. In other words, each non-leaf node is a linear clas-
sifier in the form of

∑d
i=1 wiaa = t, where wi is the weight of

Arbre de décisions
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Boosting sur jeu de données « Iris » (Setosa vs. Versicolor)

14/41

AdaBoost (Iris data, “setosa” vs. “versicolor”)
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AdaBoost (Iris data, “setosa” vs. “versicolor”)
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Boosting sur jeu de données « Iris » (Versicolor vs. Virginica)

14/41

AdaBoost (Iris data, “versicolor” vs. “virginica”)
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Exercice
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Boosting  : Des demos en ligne

http://www.research.att.com/~yoav/adaboost/index.html

http://www.mathworks.com/matlabcentral/fx_files/29245/1/boosting_demo.
png
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Boostingdemo de Richard Stapenhurst
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Boostingdemo de Richard Stapenhurst
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Plan

1.  Méthodes d’ensemble

2.  Le boosting

3.  Le boosting : pourquoi ça marche

4.  Le bagging

5.  Les forêts aléatoires

6.  XGBoost : le boosting d’arbres  

7.  Vers d’autre méthodes d’ensemble ?
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Analyse théorique du boosting
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Dérivation de l’algorithme du boosting
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Dérivation de l’algorithme du boosting
n Re-dérivation du boosting

– En choisissant une fonction de perte surrogée de 
forme exponentielle

!(h(x), y) = e−y·h(x)

∂REmp(HT )

∂α
∝ e

−α (1 − εT )
︸ ︷︷ ︸

poids des exemples
correctement prédits

+ e
α

εT
︸ ︷︷ ︸

poids des exemples
incorrectement prédits

αT =
1

2
log

1 − εT

εT

Soit : HT−1 = α1 h1(x) + α2 h2(x) + . . . + αT−1 hT−1(x)

On veut ajouter : αT hT (x)

REmp(HT ) =
m

∑

i=1

e
−yi

[

HT−1(xi)+αT hT (xi)
]

=
m

∑

i=1

e
−yi HT−1(xi)

· e
−αT yi hT (xi)

=
m

∑

i=1

WT−1(xi) · e
−αT yi hT (xi)
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Schéma général : apprentissage

Apprentissage : h1

Apprentissage : h2

Apprentissage : h3

Apprentissage : hN

H = combine(h1, h2, ..., hN)

Échantillon 
d'apprentissage
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Bounds on training error
and

On generalization error
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Bound on the training error
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Evolution of the error curves (learning & test)
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How to explain the evolution of the generalization error?

n The test error does not increase, even after 1000 steps (2.106 
test nodes !!)

– Boosting C4.5 on the « letter » dataset
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Arguments pour expliquer 

les propriétés du boosting

(the unreasonable power of boosting)
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Boosting and redescription

n Iterative construction of the redescription space

+

+

+
+

+

+

+
+

+

-

- -

- --
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-

-
-

-

-
-
--

-

+

+ +

+

+
+

+

+

+

X

Φ

x
X

xi Φ(xi)

Φ(x)

X Φ(X )

x1

x2

h1(x)
h2(x)

h3(x)

H(x) = sign

⇢ TX

t=1

↵t ht(x)
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SVM and kernel methods

+

+

+
+

+

+

+
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+

-
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- --
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-
-

-

-
-
--

-

+

+ +
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+
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+

+

+

X

Φ

x
X

xi Φ(xi)

Φ(x)

〈Φ(xi),Φ(x)〉

X Φ(X )

h∗(x) = sign

{

∑

i∈PS

α!

i yi κ(xi , x) + w!

0

}
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Une explication par la « marge »

n Idée :

– L’erreur en apprentissage ne mesure que le taux d’erreur en 
prédiction

– Il faut aussi tenir compte de la confiance de la prédiction

– On peut estimer cette confiance par la marge

     = poids des classifieurs ayant voté correctement 
   - poids des classifieurs en erreur
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Étude de la distribution des marges des xi
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Argument de la maximisation de la marge

n À chaque étape, AdaBoost placerait le plus de poids sur les 

exemples xi de plus faible marge tout en continuant à 

améliorer la marge sur les autres

n L’hypothèse finale serait complexe mais proche d’une 

hypothèse simple d’erreur d’apprentissage proche (et donc 

d’erreur en généralisation faible aussi)
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Analyse théorique : maximisation de la 
marge
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Analyse théorique : maximisation de la marge
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The intuitive argument

[Shapire & Freund, “Boosting. Foundations and Algorithms”, MIT Press, 2012], 
p.97

nWhen a vote is organized among a very large number of voters, it is often 
possible to forecast the result of the vote by randomly polling a tiny subset of 
the electorate.

nThe larger the margin between the candidates, the smaller the poll can be. 

Well, a boosting ensemble is not a random selection of classifiers …

The theorems will apply to any selection of classifiers 
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Bornes en généralisation

RRéel ≤ REmp + O

(

√

T · dH

m

)
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Plus techniquement
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Mais ...
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...



Boosting   81

Autres perspectives pour expliquer 

les propriétés du boosting
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Autres perspectives

n La théorie des jeux

– Inspiration originale pour développer le boosting

n Minimisation de la perte (surrogée)

– Vue plus haut (et plus loin)

n Point de vue géométrie de l’information
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Bilan
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Avantages pratiques de AdaBoost

n (très) rapide

n simple + facile à programmer

n Un seul paramètre à régler : le nombre d’étapes de boosting (T)

n Applicable à de nombreux domaines par un bon choix de classifieur 
faible (neuro net, C4.5, …)

n Pas de sur-spécialisation par la maximisation des marges

n Peut être adapté au cas où ht : X®R ; la classe est définie par le 
signe de ht(x) ; la confiance est donnée par | ht(x) |

n Peut être adapté aux problèmes multi-classes 
où yi Î {1,..,c} et aux problèmes multi-étiquettes

n Permet de trouver les exemples aberrants (outliers)
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Performances du boosting
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Quand est-ce que ça ne marche pas

n Rappel : No-free-lunch-theorem

n Boosting inadapté quand

– Pas assez de données

– Comité (d’apprenants faibles) trop restreint

– Apprenants faibles trop stables (quoique … argument surtout valable 
pour le bagging)

– Apprenants faibles trop forts ! 

• Peuvent faire du surapprentissage par eux-mêmes

– Données bruitées
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Aspects pratiques

Avantages Difficultés

• Un meta-algorithme 
d’apprentissage : utiliser n’importe 
quel algorithme d’apprentissage 
faible

• En principe, un seul paramètre à 
régler (le nombre T d’itérations)

• Facile et aisé à programmer

• Performances théoriques 
garanties

• Difficile d’incorporer des 
connaissances a priori

• Difficile de savoir comment 
régulariser

• Le meilleur choix d’un apprenti 
faible n’est pas évident

• Les frontières de décision en 
utilisant des méthodes parallèles aux 
axes est souvent très irrégulière (non 
interprétable)



Boosting   88

Boosting : résumé

n La prédiction finale est issue d’une combinaison (vote 
pondéré) de plusieurs prédictions 

n Méthode :
– Itérative

– Chaque classifieur dépend des précédents
   (les classifieurs ne sont donc pas indépendants comme dans d’autres 

méthodes de vote)

– Les exemples sont pondérés différemment

– Le poids des exemples reflète la difficulté des classifieurs 
précédents à les apprendre
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Autres algorithmes
de boosting
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Fonctions « surrogées »
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LogitBoost

n Utilisation de la fonction de perte logloss

– Pas de poids exorbitant sur les points aberrants

– Possibilité de calculer des probabilités associées aux étiquettes

p(y|x) =
e
h(x)

e−h(x) + eh(x)
=

1

1 + e−2h(x)
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Applications du boosting
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Applications



Boosting   94Adaboost v.2c 94

Face detection idea

n 1) in Adaboost use parallel-axis (tree decision) classifier 
2) in Viola Jones, the weak classifier is the specially designed 
classifier described in the paper. 
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Robust real-time face detection [Viola & Jones, 2004]

n Images  384 x 288 (niveaux de gris)

n Détecter des visages à toute échelle

n En temps réel (15 images / s) sur un smartphone !!

n Problèmes 
– Identifier des descripteurs pertinents

– Les calculer rapidement 

– Les organiser pour faire un système performant

• Faible FN

• Faible FP
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Les descripteurs

n Plus de 3 000 000 000 ! 

– Toutes échelles

– Seuil à définir

Robust Real-Time Face Detection 139

together yield an extremely reliable and efficient face
detector. Section 5 will describe a number of experi-
mental results, including a detailed description of our
experimental methodology. Finally Section 6 contains
a discussion of this system and its relationship to re-
lated systems.

2. Features

Our face detection procedure classifies images based
on the value of simple features. There are many moti-
vations for using features rather than the pixels directly.
The most common reason is that features can act to en-
code ad-hoc domain knowledge that is difficult to learn
using a finite quantity of training data. For this system
there is also a second critical motivation for features:
the feature-based system operates much faster than a
pixel-based system.

The simple features used are reminiscent of Haar
basis functions which have been used by Papageorgiou
et al. (1998). More specifically, we use three kinds of
features. The value of a two-rectangle feature is the
difference between the sum of the pixels within two
rectangular regions. The regions have the same size
and shape and are horizontally or vertically adjacent
(see Fig. 1). A three-rectangle feature computes the
sum within two outside rectangles subtracted from the
sum in a center rectangle. Finally a four-rectangle fea-
ture computes the difference between diagonal pairs of
rectangles.

Given that the base resolution of the detector is
24 × 24, the exhaustive set of rectangle features is

Figure 1. Example rectangle features shown relative to the enclos-
ing detection window. The sum of the pixels which lie within the
white rectangles are subtracted from the sum of pixels in the grey
rectangles. Two-rectangle features are shown in (A) and (B). Figure
(C) shows a three-rectangle feature, and (D) a four-rectangle feature.

quite large, 160,000. Note that unlike the Haar basis,
the set of rectangle features is overcomplete.3

2.1. Integral Image

Rectangle features can be computed very rapidly using
an intermediate representation for the image which we
call the integral image.4 The integral image at location
x, y contains the sum of the pixels above and to the left
of x, y, inclusive:

i i(x, y) =
∑

x ′≤x,y′≤y

i(x ′, y′),

where i i(x, y) is the integral image and i(x, y) is the
original image (see Fig. 2). Using the following pair of
recurrences:

s(x, y) = s(x, y − 1) + i(x, y) (1)

i i(x, y) = i i(x − 1, y) + s(x, y) (2)

(where s(x, y) is the cumulative row sum, s(x, −1) =
0, and i i(−1, y) = 0) the integral image can be com-
puted in one pass over the original image.

Using the integral image any rectangular sum can be
computed in four array references (see Fig. 3). Clearly
the difference between two rectangular sums can be
computed in eight references. Since the two-rectangle
features defined above involve adjacent rectangular
sums they can be computed in six array references,
eight in the case of the three-rectangle features, and
nine for four-rectangle features.

One alternative motivation for the integral im-
age comes from the “boxlets” work of Simard et al.

Figure 2. The value of the integral image at point (x, y) is the sum
of all the pixels above and to the left.
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Useful Features Learned by Boosting
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Example of the training set

148 Viola and Jones

5. Results

This section describes the final face detection system.
The discussion includes details on the structure and
training of the cascaded detector as well as results on
a large real-world testing set.

5.1. Training Dataset

The face training set consisted of 4916 hand labeled
faces scaled and aligned to a base resolution of 24 by
24 pixels. The faces were extracted from images down-
loaded during a random crawl of the World Wide Web.
Some typical face examples are shown in Fig. 8. The
training faces are only roughly aligned. This was done
by having a person place a bounding box around each
face just above the eyebrows and about half-way be-
tween the mouth and the chin. This bounding box was
then enlarged by 50% and then cropped and scaled to
24 by 24 pixels. No further alignment was done (i.e.
the eyes are not aligned). Notice that these examples
contain more of the head than the examples used by

Figure 8. Example of frontal upright face images used for training.

Rowley et al. (1998) or Sung and Poggio (1998). Ini-
tial experiments also used 16 by 16 pixel training im-
ages in which the faces were more tightly cropped,
but got slightly worse results. Presumably the 24 by
24 examples include extra visual information such as
the contours of the chin and cheeks and the hair line
which help to improve accuracy. Because of the nature
of the features used, the larger sized sub-windows do
not slow performance. In fact, the additional informa-
tion contained in the larger sub-windows can be used
to reject non-faces earlier in the detection cascade.

5.2. Structure of the Detector Cascade

The final detector is a 38 layer cascade of classifiers
which included a total of 6060 features.

The first classifier in the cascade is constructed us-
ing two features and rejects about 50% of non-faces
while correctly detecting close to 100% of faces. The
next classifier has ten features and rejects 80% of non-
faces while detecting almost 100% of faces. The next
two layers are 25-feature classifiers followed by three
50-feature classifiers followed by classifiers with a

Positive instances
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Sélection des descripteurs utiles

n En utilisant AdaBoost

– Les descripteurs sont associés à des « decision stumps »

– Le boosting sélectionne une séquence de descripteurs

• 200 dans cette étude

Robust Real-Time Face Detection 143

on feature variance. They demonstrated good results se-
lecting 37 features out of a total 1734 features. While
this is a significant reduction, the number of features
evaluated for every image sub-window is still reason-
ably large.

Roth et al. (2000) propose a feature selection process
based on the Winnow exponential perceptron learning
rule. These authors use a very large and unusual feature
set, where each pixel is mapped into a binary vector of d
dimensions (when a particular pixel takes on the value
x , in the range [0, d − 1], the x-th dimension is set to
1 and the other dimensions to 0). The binary vectors
for each pixel are concatenated to form a single binary
vector with nd dimensions (n is the number of pixels).
The classification rule is a perceptron, which assigns
one weight to each dimension of the input vector. The
Winnow learning process converges to a solution where
many of these weights are zero. Nevertheless a very
large number of features are retained (perhaps a few
hundred or thousand).

3.2. Learning Results

While details on the training and performance of the
final system are presented in Section 5, several sim-
ple results merit discussion. Initial experiments demon-

Figure 4. Receiver operating characteristic (ROC) curve for the 200 feature classifier.

strated that a classifier constructed from 200 features
would yield reasonable results (see Fig. 4). Given a
detection rate of 95% the classifier yielded a false pos-
itive rate of 1 in 14084 on a testing dataset. This is
promising, but for a face detector to be practical for
real applications, the false positive rate must be closer
to 1 in 1,000,000.

For the task of face detection, the initial rectangle
features selected by AdaBoost are meaningful and eas-
ily interpreted. The first feature selected seems to focus
on the property that the region of the eyes is often darker
than the region of the nose and cheeks (see Fig. 5). This
feature is relatively large in comparison with the detec-
tion sub-window, and should be somewhat insensitive
to size and location of the face. The second feature se-
lected relies on the property that the eyes are darker
than the bridge of the nose.

In summary the 200-feature classifier provides ini-
tial evidence that a boosted classifier constructed from
rectangle features is an effective technique for face de-
tection. In terms of detection, these results are com-
pelling but not sufficient for many real-world tasks. In
terms of computation, this classifier is very fast, re-
quiring 0.7 seconds to scan an 384 by 288 pixel im-
age. Unfortunately, the most straightforward tech-
nique for improving detection performance, adding

Mais trop coûteux
en temps calcul : ~0.7s
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Organisation des détecteurs en cascade

n Éliminer le plus tôt 
possible les négatifs

144 Viola and Jones

Figure 5. The first and second features selected by AdaBoost. The
two features are shown in the top row and then overlayed on a typ-
ical training face in the bottom row. The first feature measures the
difference in intensity between the region of the eyes and a region
across the upper cheeks. The feature capitalizes on the observation
that the eye region is often darker than the cheeks. The second feature
compares the intensities in the eye regions to the intensity across the
bridge of the nose.

features to the classifier, directly increases computation
time.

4. The Attentional Cascade

This section describes an algorithm for constructing a
cascade of classifiers which achieves increased detec-
tion performance while radically reducing computation
time. The key insight is that smaller, and therefore more
efficient, boosted classifiers can be constructed which
reject many of the negative sub-windows while detect-
ing almost all positive instances. Simpler classifiers are
used to reject the majority of sub-windows before more
complex classifiers are called upon to achieve low false
positive rates.

Stages in the cascade are constructed by training
classifiers using AdaBoost. Starting with a two-feature
strong classifier, an effective face filter can be obtained
by adjusting the strong classifier threshold to mini-
mize false negatives. The initial AdaBoost threshold,
1
2

∑T
t=1 αt , is designed to yield a low error rate on the

training data. A lower threshold yields higher detec-
tion rates and higher false positive rates. Based on per-
formance measured using a validation training set, the
two-feature classifier can be adjusted to detect 100% of
the faces with a false positive rate of 50%. See Fig. 5 for
a description of the two features used in this classifier.

The detection performance of the two-feature clas-
sifier is far from acceptable as a face detection system.
Nevertheless the classifier can significantly reduce the

number of sub-windows that need further processing
with very few operations:

1. Evaluate the rectangle features (requires between 6
and 9 array references per feature).

2. Compute the weak classifier for each feature (re-
quires one threshold operation per feature).

3. Combine the weak classifiers (requires one multiply
per feature, an addition, and finally a threshold).

A two feature classifier amounts to about 60 mi-
croprocessor instructions. It seems hard to imagine
that any simpler filter could achieve higher rejection
rates. By comparison, scanning a simple image tem-
plate would require at least 20 times as many operations
per sub-window.

The overall form of the detection process is that of
a degenerate decision tree, what we call a “cascade”
(Quinlan, 1986) (see Fig. 6). A positive result from
the first classifier triggers the evaluation of a second
classifier which has also been adjusted to achieve very
high detection rates. A positive result from the second
classifier triggers a third classifier, and so on. A negative
outcome at any point leads to the immediate rejection
of the sub-window.

The structure of the cascade reflects the fact that
within any single image an overwhelming majority of
sub-windows are negative. As such, the cascade at-
tempts to reject as many negatives as possible at the
earliest stage possible. While a positive instance will

Figure 6. Schematic depiction of a the detection cascade. A series
of classifiers are applied to every sub-window. The initial classifier
eliminates a large number of negative examples with very little pro-
cessing. Subsequent layers eliminate additional negatives but require
additional computation. After several stages of processing the num-
ber of sub-windows have been reduced radically. Further processing
can take any form such as additional stages of the cascade (as in our
detection system) or an alternative detection system.
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Face detection using boosting
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Applications

n Reconnaissance du contour du rein
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Plan

1.  Méthodes d’ensemble

2.  Le boosting

3.  Le boosting : pourquoi ça marche

4.  Le bagging

5.  Les forêts aléatoires    (random forests)

6.  XGBoost : le boosting d’arbres  

7.  Vers d’autre méthodes d’ensemble ?
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Bagging = Bootstrapping aggregation
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Bagging          [Breiman,96]

n Génération de k échantillons « indépendants » par tirage avec 
remise dans l’échantillon Sm 

n Pour chaque échantillon, apprentissage d’un classifieur en 
utilisant le même algorithme d’apprentissage

n La prédiction finale pour un nouvel exemple est obtenue par 
vote (simple) des classifieurs
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Le Bagging

Données

h1

h2

H(x) = sign

PT
t=1 ht(x)

�
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Autre illustration du bagging sur jeu de données

4

96 Chapter 4 · Decision Trees

. Tab. 4.5 The watermelon data set 3.0α

ID density sugar ripe

1 0.697 0.460 true
2 0.774 0.376 true
3 0.634 0.264 true
4 0.608 0.318 true
5 0.556 0.215 true
6 0.403 0.237 true
7 0.481 0.149 true
8 0.437 0.211 true

9 0.666 0.091 false
10 0.243 0.267 false
11 0.245 0.057 false
12 0.343 0.099 false
13 0.639 0.161 false
14 0.657 0.198 false
15 0.360 0.370 false
16 0.593 0.042 false
17 0.719 0.103 false

Fig. 4.9 The decision tree generated from. Table 4.5

For example, . Figure 4.9 shows the decision tree trained
on the watermelon data set 3.0α in. Table 4.5, and the corre-
sponding decision boundaries are shown in . Figure 4.10.

The watermelon data set 3.0α is
a copy of the watermelon data
set 3.0 excluding discrete
features.

From . Figure 4.10, we can observe that every segment
is parallel to the axis. Since every segment corresponds to
a specific value of a feature, such decision boundaries make
the learning outcome easy to interpret. In practice, the deci-
sion boundaries often need many segments for good approxi-
mations, e.g., . Figure 4.11. However, such complex decision
trees are often slow to make predictions since they contain
many feature tests.

4.5 Multivariate Decision Trees
97 4

Fig. 4.10 The decision boundaries of the decision tree in. Figure 4.9

Fig. 4.11 The piecewise approximation of complex decision boundaries

If we can make the decision boundaries oblique, as shown
by the red line in. Figure 4.11, then thedecision treemodel can
be significantly simplified. Multivariate decision tree enables

Also known as oblique decision
tree.

oblique partitions or even more complicated decision bound-
aries.With oblique boundaries, each non-leaf node is no longer
a test for a particular feature but a linear combination of
features. In other words, each non-leaf node is a linear clas-
sifier in the form of

∑d
i=1 wiaa = t, where wi is the weight of

Apprentissage par 
arbre de décisions
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Autre illustration du bagging sur jeu de données

From [Zhi-Hua ZHOU « Machine Learning ». Springer, 2021]

Here “base learner” =  decision stump

4.5 Multivariate Decision Trees
97 4

Fig. 4.10 The decision boundaries of the decision tree in. Figure 4.9

Fig. 4.11 The piecewise approximation of complex decision boundaries

If we can make the decision boundaries oblique, as shown
by the red line in. Figure 4.11, then thedecision treemodel can
be significantly simplified. Multivariate decision tree enables

Also known as oblique decision
tree.

oblique partitions or even more complicated decision bound-
aries.With oblique boundaries, each non-leaf node is no longer
a test for a particular feature but a linear combination of
features. In other words, each non-leaf node is a linear clas-
sifier in the form of

∑d
i=1 wiaa = t, where wi is the weight of

Arbre de décisions

8

192 Chapter 8 · Ensemble Learning

Fig. 8.4 Bagging on the watermelon data set 3.0α with ensemble sizes 3, 5,
and 11. The decision boundaries of the ensemble and base learners are shown
in red and black, respectively

selected if k = 1. Typically, the recommended value of k is
k = log2 d (Breiman 2001a).

Despite its ease of implementation and low computational
cost, RF often shows surprisingly good performance in real-
world applications and is honored as a representative of state-
of-the-art ensemble learning methods. With a small modifica-
tion, RF introduces feature-based ‘‘diversity’’ to Bagging by
feature manipulation, while Bagging considers sample-based

See Sect. 8.5.3 for sample
manipulation and feature
manipulation.

diversity only. RF further enlarges the difference between base
learners, which leads to ensembles with better generalization
ability.

The convergence property of RF is comparable to that of
Bagging. As illustrated in . Figure 8.5, RF usually starts with
a poor performance at the beginning, especially when there is
only one base learner in the ensemble since the feature manip-
ulation reduces the performance of each base learner. Even-
tually, however, RF often converges to a lower generalization
error after adding more base learners to the ensemble. It is
worth mentioning that it is often more efficient to train an RF
than applying Bagging since RF uses ‘‘randomized’’ decision
trees that evaluate subsets of features for splitting, whereas

8
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and 11. The decision boundaries of the ensemble and base learners are shown
in red and black, respectively
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k = log2 d (Breiman 2001a).

Despite its ease of implementation and low computational
cost, RF often shows surprisingly good performance in real-
world applications and is honored as a representative of state-
of-the-art ensemble learning methods. With a small modifica-
tion, RF introduces feature-based ‘‘diversity’’ to Bagging by
feature manipulation, while Bagging considers sample-based

See Sect. 8.5.3 for sample
manipulation and feature
manipulation.

diversity only. RF further enlarges the difference between base
learners, which leads to ensembles with better generalization
ability.

The convergence property of RF is comparable to that of
Bagging. As illustrated in . Figure 8.5, RF usually starts with
a poor performance at the beginning, especially when there is
only one base learner in the ensemble since the feature manip-
ulation reduces the performance of each base learner. Even-
tually, however, RF often converges to a lower generalization
error after adding more base learners to the ensemble. It is
worth mentioning that it is often more efficient to train an RF
than applying Bagging since RF uses ‘‘randomized’’ decision
trees that evaluate subsets of features for splitting, whereas
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Bagging (suite)

n Il est souvent dit que : 

– Le bagging fonctionne en réduisant la variance 
en laissant le biais inchangé

n Mais, encore incomplètement compris

– Voir  [Yves Grandvalet : « Bagging equalizes influence », 

Machine Learning , 55(3), pages 251-270, 2004.] 
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Plan

1.  Méthodes d’ensemble

2.  Le boosting

3.  Le boosting : pourquoi ça marche

4.  Le bagging

5.  Les forêts aléatoires    (random forests)

6.  XGBoost : le boosting d’arbres  

7.  Vers d’autre méthodes d’ensemble ?
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Les forêts aléatoires
(Random forests)
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Du bagging aux forêts aléatoires

n Le bagging est favorisé par :

– Des hypothèses faibles différentes

– Des hypothèses faibles de faible biais (e.g. arbres de décision 
profonds)

– On peut avoir un nombre d’itérations élevé sans sur-
apprentissage (par augmentation de la marge)

n D’où les forêts aléatoires

– On va s’arranger pour avoir des arbres de décisions 
• Profonds

• Différents

• Nombreux

Il conserve le biais 
en diminuant la 

variance
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Les forêts aléatoires

n Principe : 

– réduire la corrélation entre apprenants faibles

n Apprendre des arbres

– Sur des jeux de données différents (comme le bagging)

– Sur des sous-ensembles d’attributs tirés aléatoirement
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Toy Forest Classification Demo

6 classes in a 2 dimensional feature space.

Split functions are lines in this space.
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Toy Forest Classification Demo

With a depth 2 tree, you can not separate all six classes.
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Toy Forest Classification Demo

With a depth 3 tree, you are doing better, 
but still cannot separate all six classes.
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Toy Forest Classification Demo

With a depth 4 tree, you now have at least as many leaf nodes 
as classes,and so are able to classify most examples correctly.
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Toy Forest Classification Demo

Different trees within a forest can give rise to very different decision 
boundaries, none of which is particularly good on its own.
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Toy Forest Classification Demo

But averaging together many trees in a forest can result in decision boundaries
that look very sensible, and are even quite close to the max margin classifier.

(Shading represents entropy – darker is higher entropy).
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Interprétabilité et sélection d’attributs

n Multitude d’arbres. Plus de lecture directe possible de l’importance des 
variables.

n On mesure la fréquence d’apparitionRicco Rakotomalala
Tutoriels Tanagra - http://tutoriels-data-mining.blogspot.fr/ 18

On a une multitude d’arbres, on n’a plus un 

modèle « lisible » directement. L’ interprétation 

du modèle prédictif devient difficile.

M1

M2
M3

M4
M5 M6

On ne peut pas inspecter chaque arbre pour distinguer les variables 

qui jouent un rôle, et dans quelle mesure elles jouent un rôle.
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Interprétabilité et sélection d’attributs

n On additionne les importances de chaque attribut 
dans tous les arbres 

– Le niveau des attributs dans l’arbre

– Le gain (d’entropie ou de Gini)

n On calcule la moyenne (ou la médiane) des importances 

n Et on retient les attributs dépassant cette valeur seuil 

– Ou les N premiers attributs
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Bilan sur les forêts aléatoires

n Souvent puissant

n Mais

– Perte d’interprétabilité

– Et plus coûteux en temps calcul
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Plan

1.  Méthodes d’ensemble

2.  Le boosting

3.  Le boosting : pourquoi ça marche

4.  Le bagging

5.  Les forêts aléatoires    (random forests)

6.  XGBoost : le boosting d’arbres  

7.  Vers d’autre méthodes d’ensemble ?
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Autres algorithmes
(Xgboost ou Tree Boosting)
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Xgboost  aka.  eXtreme gradient boosting

n Références:

– Boosting applied to decision trees with regularization terms 
[Friedman]

– http://xgboost.readthedocs.io/en/latest/model.html
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Plan

1.  Méthodes d’ensemble

2.  Le boosting

3.  Le boosting : pourquoi ça marche

4.  Le bagging

5.  Les forêts aléatoires    (random forests)

6.  XGBoost : le boosting d’arbres  

7.  Vers d’autre méthodes d’ensemble ?
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Le stacking 

n On apprend T hypothèses de base sur un jeu de données

n On génère un deuxième jeu de données indépendant

n Les sorties des T hypothèses sont utilisés comme des 

descripteurs des données

n Un méta algorithme apprend à classer les exemples 
basé sur ces descripteurs
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Le stacking : l’algorithme 

...

8.4 Combination Strategies
197 8

Algorithm 8.3 Stacking
Input: Training set D = {(x1, y1), (x2, y2), . . . , (xm, ym)};

First-level learning algorithms L1,L2, . . . ,LT ;
Second-level learning algorithm L.

Process:
1: for t = 1, 2, . . . ,T do
2: ht = Lt(D);
3: end for
4: D′ = ∅;
5: for i = 1, 2, . . . ,m do
6: for t = 1, 2, . . . ,T do
7: zit = ht(xi);
8: end for
9: D′ = D′ ∪ ((zi1, zi2, . . . , ziT ), yi);
10: end for
11: h′ = L(D′).
Output: H(x) = h′(h1(x), h2(x), . . . , hT (x)).

Generate first-level learner ht
using first-level learning
algorithm Lt .
Generate second-level training
set.

Generate second-level learner h′
using second-level learning
algorithm on D′.

When generating the second-level training set from the first-
level learners, therewouldbe ahigh riskof overfitting if the gen-
erated training set contains the exact training samples used by
the first-level learners.Hence,weoften employ cross-validation
or leave-one-out methods such that the samples that have not
been used for the training of the first-level learners are used
for generating the training set for the second-level learner.
Taking k-fold cross-validation as an example. The original
training set is partitioned into k roughly equal-sized partitions
D1,D2, . . . ,Dk . Denote Dj and Dj = D\Dj as the testing set
and the training set of the jth fold, respectively. For T first-
level learning algorithms, the first-level learner h(j)t is obtained
by applying the tth learning algorithm on the subset Dj . Let
zit = h(j)t (xi), then, for each sample xi in Dj , the output from
the first-level learners can be written as zi = (zi1; zi2; . . . ; ziT ),
which is used as the input for the second-level learner with
the original label yi . By finishing the entire cross-validation
process on the T first-level learners, we obtain a data set
D′ = {(zi, yi)}mi=1 for training the second-level learner.

MLR is a classifier based on
linear regression. It builds a
linear regression model for each
class by setting the output of
samples belonging to this class
as 1 and 0 for the rest. Then, a
testing sample is classified as the
class with the highest predicted
output value.

The generalization ability of a Stacking ensemble heav-
ily depends on the representation of the input features for
the second-level learner as well as the choice of the second-
level learning algorithm. Existing studies show that the Multi-
response Linear Regression (MLR) is a good second-level
learning algorithm when the first-level learners output class
probabilities (Ting and Witten 1999), and the MLR can do an
even better jobwhen different sets of features are used (Seewald
2002).

From [Zhi-Hua ZHOU « Machine Learning ». Springer, 2021]
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Error Correcting Output Codes
(ECOC)
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ECOC n Apprendre à distinguer 10 classes

n Codage 

– Sur 4 bits ?

– Sur 15 bits !

7 bits d’écart au moins entre les codages des classes ici
Boosting   129 

ECOC n  Apprendre	à	distinguer	10	classes	

n  Codage		
–  Sur	4	bits	?	
–  Sur	15	bits	!	

7	bits	d’écart	au	moins	entre	les	codages	des	classes	ici	
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ECOC

n On apprend 15 classifieurs binaires

n Pour un nouvel x, on calcule  h1(x), h2(x), h3(x), h4(x), h5(x), h6(x), h7(x), h8(x), 
h9(x), h10(x),  h11(x), h12(x), h13(x), h14(x), h15(x)

n On décode H(x) par plus proche voisin / au codage des 10 classes
(e.g. 0 devrait être codé 1, 1, 0, 0, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0, 1 par les 15 hypothèses 
apprises)

h0(x) =

(
0 si y 2 {1, 3, 5, 7, 9}
1 si y 2 {0, 2, 4, 6, 8}

h1(x) =

(
0 si y 2 {1, 2, 3, 6, 7}
1 si y 2 {0, 4, 5, 8, 9}.

.

.
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ECOC   =  une méthode d’ensemble !!

n On a transformé un problème de classification à 10 classes 

en 15 problèmes de classification binaire

Marche bien !

Dietterich, T. G., & Bakiri, G. (1994). Solving multiclass learning problems via error-
correcting output codes. Journal of artificial intelligence research, 2, 263-286.
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Des méthodes d’ensemble

en apprentissage non supervisé ?
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Quels ingrédients ?

1. Comment sélectionner des « experts » ?

– Qu’est-ce qu’un expert ?

– Qu’est-ce qu’un bon panel d’experts ?

2. Comment leur attribuer un poids (éventuellement) ?

3. Comment combiner leur avis ?
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